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Abstract. This paper concerns the closed points, closed subspaces, open sub- 
spaces, weakly closed and weakly open subspaces, and effective divisors, on a 
non-commutative space. 



1. Introduction 

This paper examines non-commutative analogues of some of the elementary 
ideas of topology and (algebraic) geometry. Our wish is to have a language for 
non-commutative algebraic geometry that is geometric and topological. This will, 
eventually, allow us to use our geometric intuition in situations that at present are 
viewed almost exclusively from an algebraic perspective. One can already see hints 
of this goal in Gabriel's thesis || . More recently, Rosenberg and Van den Bergh 
have given new life to this program. We further extend their ideas by examining the 
interactions between the following basic objects: weakly closed and weakly open 
subspaces, closed subspaces, open subspaces, closed points, and effective divisors. 

We follow Rosenberg [jl7| (il| and Van den Bergh [^3) in taking a Grothendieck 
category as our basic non-commutative geometric object. Thus a non-commutative 
space X is a Grothendieck category ModV. The idea for the notation X = ModV 
is Van den Bergh's; we also use his notion of V-V-bimodules, and denote the unit 
object in this monoidal category by ox- 

The standard commutative example of a space is the category of quasi-coherent 
sheaves on a quasi-separated, quasi-compact scheme. If X is such a scheme we 
will speak of it as a space with the understanding that ModV is QcohV. The two 
non-commutative models are Modi?, the category of right modules over a ring, and 
Proj^4, the non-commutative projective spaces having a (not nec essa rily commuta- 



tive) graded ring A as homogeneous coordinate ring (Definition 2.2). 

The notion of a weakly closed subspace of a non-commutative space first ap- 
peared in Gabriel's thesis [|[ page 395] — he calls a full subcategory of an abelian 
category closed if it is closed under subquotients and direct limits. We will mod- 
ify his terminology, and say that a full subcategory of a Grothendieck category is 
weakly closed if it satisfies these conditions. Closure under subquotients ensures 
that the inclusion functor is exact, and closure under direct limits ensures that it 
has a right adjoint. If the inclusion functor also has a left adjoint we say that the 
subcategory is closed. This modification of Gabriel's terminology makes it com- 
patible with the language of algebraic geometry: the closed subcategories (in our 
sense) of Modi? are in bijection with the two-sided ideals of R; and, every closed 
subscheme of a scheme X determines a closed subspace of QcohV. If X is a quasi- 
projective scheme over a field then the closed subspaces are the same things as the 



closed subschemes (Theorem 4.1). Our terminology is also compatible with Van den 
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Bergh's notion of weak ideals; weakly closed subspaces of a space X correspond to 
weak ideals in ox, the identity functor on ModX. 

Proposition 4.7 shows that for noetherian non-commutative spaces that are close 
to being commutative there is a bijection between what we call the prime subspaces 
of X and the indecomposable injectives in ModX. This is extends Maths' result 
for commutative notherian rings, and Gabriel and Cauchon's extension of Maths' 
result to rings satisfying Gabriel's condition (H) (fully bounded right noetherian 
rings). 

We define the complement to a weakly closed subspace in the obvious way (Def- 
inition |6^), and define weakly open subspaces (Definition 2.5) in such a way that 
they are precisely the complements to the weakly closed subspaces when the am- 
bient space is locally noetherian. The intersection of an arbitrary collection, and 
the union of a finite collection, of weakly closed subspaces (Definitions 3.2 and 3.4) 
have already been defined by Rosenberg; these are again weakly closed subspaces. 
Using the fact that a weakly open subspace is a complement to a weakly closed 
subspace allows us to define the intersection and union of weakly open subspaces. 
For the most part these ideas interact with each other in reasonable ways — for ex- 
ample, see P rop o sitio n |3.3|, Lem mas 3.10 , 6.16 , 6. IS , and 6.20| , Corollary 7A, and 
Propositions 7.1, 7.9, and 7.10. Furthermore, Proposition 7.5 shows that if U and 



V are weakly open subspaces of a locally noetherian space X, then U fl V is the 
fiber product U x x V in the category of non-commutative spaces with maps being 
the morphisms. Despite these positive results we do not know whether W fl (Y U Z) 
is equal to (WdY) U (WClZ) when W, Y, and Z, are weakly closed subspaces; the 
analogous formula for weakly open subspaces is valid. Another problem is that if 
W and Z are weakly closed subspaces of X such that W fl Z = (j>, then Z need not 
be contained in X\W; we determine exactly when Z is a weakly closed subspace of 
X\W. The fact that Z need not be contained in X\W is an essential feature of the 
non-commutativity of X. It reflects the fact that there can be non-split extensions 
between non-isomorphic simple modules. 

In section || we define closed points of a space. A test case for our definition 
is the following. Let A be a connected graded fc-algebra. Artin- Tate- Van den 
Bergh |2| have defined the notion of a point module for A with the idea behind 
their definition being that point modules for A should play the role of points on 
the non-commutative projective space having A as a homogeneous coordinate ring. 
However, to date there has been no definition of "point" in non-commutative ge- 
ometry. In section [| we show that point modules over A give closed points of the 
associated projective space ProjA 

To motivate the definition recall that a closed point p on a scheme X corresponds 
to a simple object O p = Ox /va p in QcohX, where m p is the sheaf of ideals vanishing 
at p. This sets up a bijection between closed points and simple objects in QcohX. 
Since the geometric objects in non-commutative geometry are Grothendieck cate- 
gories wc define a closed point of a space X to be a certain kind of full subcategory 
of Mod A. That subcategory is required to be closed, in the sense described above, 
and to consist of all direct sums of a simple A-module, say O p . The requirement 
that the subcategory be closed means that not all simple A-modules correspond to 
closed points. In particular, an infinite dimensional simple module over a finitely 
generated /c-algebra does not correspond to a closed point; such simple modules be- 
have like higher dimensional geometric objects (see the remarks after Proposition 
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Sometimes even finite dimensional simple modules behave like higher dimen- 
sional geometric objects. The P-module approach to the representation theory of 
semisimple Lie algebras, and the dimension of the characteristic variety, yields a 
dimension function that gives finite dimensional representations dimension greater 
than zero, thus reflecting the fact that such modules do not always behave like 
points. The behavior of the higher Ext-groups of finite dimensional simples also 
indicates that they behave like higher dimensional geometric objects. 

A further example of this phenomenon occurs when a : A — > A is Van den 
Bergh's blowup for a non-commutative surface X. Sometimes X can have a mod- 
ule of Krull dimension one whose strict transform is a simple A-module, say S. 
That simple module gives a closed point on X, but with regard to its intersection 
properties (defined in terms of Ext-groups) that simple A-module behaves more 
like a curve than a point (see fll]| ). This is reinforced by the fact that a^S is the 
original module of Krull dimension one — in particular, a does not send this closed 
point of X to a closed point of X. For many purposes it is better to think of S as 
a geometric object of dimension one. 

In Section || we examine effective divisors (as defined by Van den Bergh) on 
a non-commutative space. These are analogues of effective Cartier divisors; an 
effective divisor is defined in terms of an invertible ideal, say ox(— Y), in ox- That 
ideal cuts out a closed subspace Y on X. If W is a weakly closed subspace of X, 
we give precise conditions under which If (17 is an effective divisor on W. We also 
show that if Y is ample, then W Pi Y ^ <fi for all W of positive dimension. We give 
conditions under which the set of closed points in X is the disjoint union of the 
sets of closed points in Y and X\Y. Effective divisors behave better than arbitrary 
closed (or weakly closed) subspaces with respect to intersection and containment 
of other subspaces. 
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2. Preliminaries 

Throughout we work over a fixed commutative base ring k. All categories are 
fc-linear and functors between them arc fc-linear. 

Definition 2.1. A non-commutative space X is a Grothendieck category ModA. Ob- 
jects in ModA are called A-modules. We say X is locally noetherian if ModA is 
locally noetherian (that is, if it has a set of noetherian generators). 

The empty space <fi is defined by declaring Mod</> to be the zero category; that is, 
the abelian category having only one object and one morphism. 

We write Modi? for the category of right modules over a ring R. 

We say A is affine if ModA has a progenerator, and in this case any ring R for 
which ModA is equivalent to Modi? is called a coordinate ring of A. It is easy to 
see that an affine space is locally noetherian if and only if one, and hence all, of its 
coordinate rings is right noetherian. 
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If (X, Ox) is a scheme then the category ModOx of all sheaves of Ox-modules is 
a Grothendieck category. If X is quasi-compact and quasi-separated (for example, if 
X is a noetherian scheme) the full subcategory of ModOx consisting of the quasi- 
coherent Ox-modules is a Grothendieck category [|[ page 186]. We denote this 
category by QcohX. Whenever X is a quasi-compact and quasi-separated scheme 
we will speak of it as a space in our sense with the tacit understanding that ModX 
is QcohA. For example, SpecZ will denote the space whose module category is 
ModZ. 

The non-commutative analogues of projective schemes were first studied in [|| 
and §|. 

Definition 2.2. Let k be a field. Let A be an N-graded fc-algebra such that dim^ A n < 
oo for all n. Define GrModA to be the category of Z-graded A-modules with mor- 
phisms the A-module homomorphisms of degree zero. We write FdimA for the full 
subcategory of direct limits of finite dimensional modules. We define the quotient 
category 

TailsA = GrModA/FdimA, 

and denote by tt and u the quotient functor and its right adjoint. The projective 
space X with homogeneous coordinate ring A is defined by ModX := TailsA 

We define its structure module, Ox, to be it A, and we define 

ProjA = (X, Ox)- 

This is an enriched space in the sense of |23|, Section 3.6]. 

The cohomology groups of a module T over the enriched space X are defined in 
H and § to be 

H q {X,T) :=Ext x (Ox,.F). 

The idea for the next definition is due to Rosenberg Section 1] . 

Definition 2.3. If X and Z are non-commutative spaces, a weak map / : Z — > X is 
a natural equivalence class of left exact functors /* : ModZ — > ModX. A weak map 
/ : Z — ► X is a map if /* has a left adjoint. A weak map is affine [|l8| Section 4.3] 
if /» is faithful, and has a both a left and a right adjoint. A left adjoint to /* will 
be denoted by /*, and a right adjoint will be denoted by / . 

A weak map / is a map if and only if /» commutes with products. 

Let / : X — > Y be a morphism of schemes. Suppose that QcohA and QcohF 
are Grothendieck categories, so that X and Y are spaces in our sense. If either X 
is noetherian, or / is quasi-compact and separated, then / induces a map in the 
sense of Definition 2.3 ^ Proposition 5.8, Ch. II]. However, there are maps that 
are not induced by morphisms. For example, the inclusion 

'k 0\ (k k^ 

v kj ^ \k k; 

induces an affine map Spec k — > Spec(fc x k) of spaces that is not induced by a 
morphism between these schemes. 

Definition 2.4. Let X be a non-commutative space. A weakly closed subspace, say 
W, of A is a full subcategory ModVF of ModX that is closed under subquo- 
tients (and therefore under isomorphisms), and for which the inclusion functor 
a* : ModVF — > ModA has a right adjoint, denoted by cr. We write a : W — > X 
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for the weak map corresponding to a*. A weakly closed subspace W is closed if a* 
also has a left adjoint, which is denoted by a* . 

For example, A and <j> are closed subspaces of A. 
The inclusion of a closed subspace is an affine map. 

Let W be a weakly closed subspace of X and let a : W — ► X be the inclusion. 
Then ModPF is a Grothcndicck category and is locally noetherian if ModA is. 
Because ModVK is closed under subquotients, a* is an exact functor. Because cr 
has an exact left adjoint it sends injective A-modules to injective PF-modules. The 
hypotheses imply that era* = idw when W is a weakly closed, and a* a* = idw 
when W is closed. 

When Z is a closed subscheme of a scheme X one often confuses the structure 
sheaf Oz which lies in QcohZ with its direct image sheaf which lies in QcohA. We 
will do something similar when W is a weakly closed subspace of a space X. If 
a : W — > X is the inclusion, we will confuse the trivial VF-iy-bimodule o\y with 
the weak A-A-bimodule corresponding to the left exact functor a*a ! . Thus, we 
will speak of the map ox ~ > Ow of weak A-A-bimodules, the kernel of which is the 
weak ideal defining W. 

Definition 2.5. Let X be a non-commutative space. A weakly open subspace, say U, 
of X is a full subcategory Mod (7 of Mod A that is closed under isomorphism and 
is such that the inclusion functor j* : ModU — > Mod A has an exact left adjoint j* . 
If V is another weakly open subspace of A, we say that U is contained in V, and 
write U C V, if ModU C ModV". 

If a weakly closed subspace is also a weakly open subspace, then it is a closed 
subspace. 

Definition 2.6. We call a weak map / : Y — > X a closed immersion (rcsp., weakly 
closed immersion, weakly open immersion, open immersion) if it is an isomorphism 
onto a closed (resp. weakly open, weakly closed, open) subspace of A. 

The next two results are standard: they follow from the fact that cr and arc 
right adjoints to exact functors and so preserve injectives. 

Lemma 2.7. Let a : W — > X be a weakly closed immersion. If M e ModW and 
N E ModA, then there is a spectral sequence 

Ext p w (M, R q a'N) Ext^ +9 (a» M, N). (2-1) 

Lemma 2.8. If j : U — > A is a weakly open immersion, then there is a spectral 
sequence 

Ext p x (M,R q j*N) ^ Ext p v +q (j*M,N) (2-2) 
whenever M e ModA and N E ModtT. 

3. Weakly closed subspaces 

Rosenberg has shown that the closed subspaces of an affine space are in bijection 
with the two-sided ideals of its coordinate ring. A typical non-commutative ring has 
few two-sided ideals, and a typical non-commutative space has few closed subspaces. 
A more useful notion for non-commutative geometry is that of a weakly closed 
subspace. 
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This section shows that there are reasonable notions of intersection and union 
for weakly closed subspaces. 

The notion of a weakly closed subspace makes sense for schemes. For example, 
SpecZ has a weakly closed subspace W defined by declaring ModVy to consist of 
the torsion abelian groups. There is a proper descending chain of weakly closed 
subspaces W — Wo D W\ D Wi D . . . defined by declaring ModWi to be all torsion 
groups that have no torsion with respect to the first i positive primes. 

If X is a scheme such that QcohX is a Grothendieck category, and Z is a closed 
subscheme of X, then the full subcategory of QcohX consisting of the modules 
whose support lies in Z is closed under subquotients and direct limits so is the 
module category of a weakly closed subspace of X; this subspace is rarely closed. 

Let X be a space and M an X-module. Let W be the smallest weakly closed 
subspace such that M G ModW^. Then ModVF consists of all subquotients of all 
direct sums of copies of M. This subcategory is closed under subquotients, so the 
inclusion functor is exact; it is closed under direct sums because direct sums are 
exact in ModX; it is therefore closed under direct limits, so the inclusion functor 
has a right adjoint. 

The following is a triviality. 

Lemma 3.1. If Z is a weakly closed subspace of X and W is a weakly closed 
subspace of Z , then W is a weakly closed subspace of X . 

Definition 3.2. Let Z and W be weakly closed subspaces of X. We say that Z lies 
on W or is contained in W, if ModZ is contained in ModVK. In this case we write 
Z C W. Their intersection W (~l Z is defined by declaring that 

UodW HZ := ModVK n ModZ. 

That is, ModT'F HZ is the full subcategory of ModX consisting of those X modules 
that belong to both ModW and ModZ. 

Proposition 3.3. Suppose that W and Z are weakly closed subspaces of X . Then 

1. W and Z are spaces; 

2. W H Z is weakly closed in X , and in W , and in Z ; 

3. if Z is closed in X , then W PI Z is closed in W ; 

4. ifW and Z are closed in X, then WC\Z is closed in X, and in W , and in Z; 

5. if Z C W, then Z is a weakly closed subspace ofW; 

6. if Z <zW and Z is closed in X , then Z is closed in W ; 

7. if Z is also weakly open in X, then W PI Z is both closed and weakly open in 
W. 

Proof. Let a : W -> X and (3 : Z — > X be the inclusions. Let 7* : ModW H Z — » 
ModZ and 5* : ModW n Z — * ModTL 7 be the inclusion functors. 

(1) To see that W is a space one checks that ModVF is a Grothendieck category. 
By, for example, [^3[ Proposition 3.4.3], ModVF is a cocomplete abelian category, 
and the inclusion a* is exact and commutes with direct limits. Since direct limits 
in Modiy coincide with direct limits in ModX, ModVT" has exact direct limits. 

Since ModX has a small set of generators, the collection of all submodules of any 
X-module is a small set, and hence so is the collection of all its subquotients. If 
{Mi I i G /} is a small set of generators for ModX, then the set of all subquotients 
of all Mi that belong to ModVy is small. This is a set of generators for ModVF: if 
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/ : L — > N is a non-zero morphism in ModVF, then there is a morphism g : Mj — > L 
such that /<? ^ 0; since L 6 ModW^ g induces a morphism g' : M' — ► L from some 
subquotient M' of Mj belonging to ModVF such that fg' ^ 0. 

(2) Since ModVF and ModZ are both closed under subquotients and direct limits 
in ModX, so is ModW^ n Z. It follows that ModVK fl Z is an abelian category and 
that the inclusion of it in ModX is an exact functor commuting with direct limits. 
It therefore has a right adjoint. This proves (2). 

Hence there is a commutative diagram 



wnz - 


7 


* z 


•I 




I' 


w - 




-> X 



a 



of spaces and weak maps. Since a* , , 7* and (5*, are inclusions of subcategories, 
a*<5* = ^*7*. Up to natural equivalence we also have 5 a' = 7 /9'. 

(3) To see that W (~l Z is closed in W it suffices to show that <5* commutes with 
products; that is, that ModlU n Z is closed under products in ModTU. Let M\ be 
a family in ModZ n W, and suppose they have a product in Modiy. That product 
is Q!'(]^[Mx), where Jl-^A is their product in ModX. But ModZ is closed under 
products in ModX, so Y[ M\ belongs to ModZ. Therefore its submodule a ^M^) 
is a Z-module, and hence is in ModlU P\ Z. This proves that (5* has a left adjoint 
S*, whence W n Z is closed in W. 

We will now show that 

7,5*^/3* a*. (3-2) 

Since 7*(5* is a left adjoint to and /3*a* is a left adjoint to ct/3*, it suffices to 
show that <5*7 ! = or/3*. If M is a Z-module, 8*yM is the largest submodule of M 
that is in ModZ n ModW; since every submodule of AI is in ModZ, <5*7 ! M is the 
largest submodule of M that is in ModVK; but that submodule is cr/3*M. It follows 
that 

<5*7 ! = a ! /3„, (3-3) 

and ( |3-2| ) follows from this. 

(4) If W and Z are closed subspaces of X, then ModVF and ModZ are closed 
under products in ModX. It follows that ModlU R Z is closed under products in 
X, whence W H Z is closed. 

(5) and (6) follow from (2) and (3) because Z cW implies that W (~) Z = Z . 
(7) Since Z is both weakly closed and weakly open in X, /3* has an exact left 

adjoint j3* . In particular, Z is closed in X. Hence by (3), WC\Z is closed in W, and 
7*<5* = f3*a*. The right-hand side of this is a composition of exact functors, so 7*<5* 
is exact. It follows that 6* is exact because 7 is a weakly closed immersion. □ 

Remarks. 1. The following two observations are easily checked. If W is a 
weakly closed subspace of Z, and Z is a weakly closed subspace of X, then W is 
a weakly closed subspace of X. If W is a closed subspace of Z, and Z is a closed 
subspace of X, then PF is a closed subspace of X. 

2. The binary operation n on weakly closed subspaces is idempotent, commu- 
tative, and associative. One has W n 4> — 4> and W f) X = W. 
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3. One may define the intersection of an arbitrary collection of weakly closed 
subspaces W l by Mod(nWj) := nModWj. It is clear that this is closed in ModX 
under subquotients and direct limits because each ModWi is. Hence HiWi is a 
weakly closed subspace of X (cf. [jl7| Lemma 6.2.2, Chapter 3]). 

Definition 3.4. Let Wi, i G /, be a finite collection of weakly closed subspaces of 
X . Their union, denoted UjWi, is the smallest weakly closed closed subspace of X 
that contains all the Wi. It is the intersection of all the weakly closed subspaces 
that contain all the Wi. 

Remarks. 1. We could first have defined the union of a pair of weakly closed 
subspaces, thus making U a binary operation. One sees that U is idempotent, 
commutative, and associative. Associativity could then be used to define arbitrary 



finite unions; this definition would agree with the one in Definition 3.4. It is clear 
that W U <j) = W and W U X = X. 

2. If W and Z are weakly closed, then ModW U Z is the full subcategory 
consisting of all subquotients of modules of the form M © N where M E ModW 
and N e ModZ. Obviously this subcategory is closed under subquotients; it is 
closed under direct sums because ModW and ModZ are, and because direct sums 
are exact in ModX; it is therefore closed under direct limits, so is weakly closed; it 
contains ModW and ModZ, and any weakly closed subcategory containing ModW 
and ModZ must contain all modules of the form M© N; hence this category equals 
ModWUZ. 

3. If X is the affine space with coordinate ring /?, and W and Z are the closed 
subspaces cut out the two-sided ideals I and J, then W U Z is the closed subspace 
cut out by I n J. To see this first observe that Modi?// n J is weakly closed and 
contains both Modi?// and Mod/?/ J; secondly, any weakly closed subspace that 
contains both W and Z must contain R/I © R/J so must contain its submodulc 
R/I H J, and therefore must contain Mod/?// n J. 

4. Let W and Z be weakly closed subspaces of X. Their Gabriel product W»Z is 
the weakly closed subspace defined by declaring ModW»Z to be the full subcategory 
of ModX consisting of the modules M for which there is an exact sequence — > 
L -»■ M -> N -> with N G ModW and L G ModZ f| p. 395]. Van den Bergh has 
shown that W • Z is weakly closed, and is closed if both Z and W are |23|, Prop. 
3.4.5]. Since W • Z contains both W and Z, it follows that 

wuzcw»znz.w. (3-4) 

In the situation of the previous remark, Mod(W • Z Q Z • W) = Mod/?//,/ + ,//, 



so in general the inclusion in (3-4) is strict. Example 6.11 exhibits closed points p 
and q in a an affine space such that pU q — p • q ^ q • p. 

5. If W,Y and Z are weakly closed subspaces of X, we do not know whether 
Wn(FUZ) = (W ny)U (WnZ). The analogous equality for weakly open subspaces 
does hold (Lemma |6. 16 ) . 



4. Closed subspaces 



The first evidence that the notion of a closed subspace in Definition 2.4 is ap- 
propriate for non-commutative geometry is the following result of Rosenberg [ fl7[ 
Proposition 6.4.1, p. 127]. If X is an affine space, say X = Mod/?, then each 
two-sided ideal / cuts out a closed subspace, namely Mod/?//, and this sets up 
a bijection between the closed subspaces of X and the two-sided ideals of R (see 
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also [|19[ Proposition 2.3]). We call the closed subspace Modi?// the zero locus of 
/. Thus, if X is an affine scheme, its closed sub-schemes are in natural bijection 
with the closed subspaces. We prefer to say that the closed subspaces are the same 



things as the closed subschemes. Further evidence is provided by 22 Theorem 3.2] 
which shows that a two-sided ideal in an N-graded fc-algebra A cuts out a closed 
subspace of the projective space with homogeneous coordinate ring A. There is 
further evidence. If X is a scheme such that QcohA is a Grothendieck category 
(for example, if X is noetherian) and Z is a closed subscheme of X, then QcohZ 



is a closed subspace of QcohA in the sense of Definition 2.4. Indeed, this is the 
motivation for the definition of a closed subspace. 



The main result in this section (Theorem 4.1 shows that if X is a quasi-projective 
scheme over a field k, then the closed subschemes give all the closed subspaces. 

We also prove a non-commutative geometric version of Maths' result on the bi- 
jection between prime ideals in a commutative noetherian ring and indecomposable 



injectives over that ring (Proposition 4.7 ) 



Remarks. 1. An interesting and ubiquitous non-commutative space is the 
graded line L 1 , defined by ModL 1 = GrModfc[:r] where k is a field and degir = 1. 
We associate to every subset D C Z a, closed subspace Zu of L 1 defined by declaring 
ModZfj to be the full subcategory consisting of those modules M such that M n = 
for all n £ D. Since there is a proper descending chain of subsets D, L 1 does 
not have the descending chain condition on closed subspaces. If D consists of n 
consecutive integers, then Zr> is isomorphic to the affine space with coordinate ring 
the n x n upper triangular matrices over k. 

If X is an affine space with coordinate ring the enveloping algebra of a non- 
abelian solvable Lie algebra over a field k of characteristic zero, then X contains 
many weakly closed subspaces isomorphic to L 1 |L9| . If X is the blowup of a non- 
commutative surface X at a closed point p lying on an effective divisor Y such that 
{O p (nY) n G Z} is infinite, then the exceptional curve on X is a weakly closed 
subspace of X isomorphic to L 1 p3| . 

2. The category of right comodules over a coalgebra is a Grothendieck category, 
so is a space. Let C and D be coalgebras and let X and Y be the spaces defined 
by ModX = ComodC and ModY = ComodD. If ip : C — > D is a homomorphism 
of coalgebras, then the rule (M,p) i— > (M, (idM ■X"/ 3 )/ 9 ) gives an exact functor /* : 
ComodC — > ComodZ). This is the direct image functor for an affine map f : X —>Y. 
The right adjoint to /* is / 1 = —DjjC, the co-tensor product. Joyal and Street [|l2| 
Proposition 2, p. 454] show that the closed subspaces of Y are in bijection with the 
subcoalgebras of D. Actually they don't quite prove that, but using the fact that 
in a locally finite space weakly closed and closed subspaces coincide (Proposition 
1.8), their result implies this. The closed points of Y, in the sense of Section ^, are 



in bijection with the simple subcoalgebras of D. 

Theorem 4.1. Let X be a noetherian scheme having an ample line bundle (for ex- 
ample, let X be quasi-projective over Speck with k afield). Then closed subschemes 
and closed subspaces of X are the same things. 

We will prove the theorem after the next lemma. 

Let OxO-) denote an ample line bundle on X. If i : Z — > X is the inclusion of a 
closed subscheme, then the restriction i*(Ox(l)) to Z is ample. We will denote it 
by O z (l). 
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Let M be an Ox-module. Its annihilates is the kernel of the natural map Ox — ► 
TComoxi-M, M). This is also the largest ideal I in Ox such that MX = 0, where 
MX is defined as the image of the natural map M <S>o x I M. We denote it by 
Ann M. If M is coherent, its scheme-theoretic support is the closed subscheme of 
X cut out by its annihilator, i.e., it is (Z, Oz) where Oz = Ox I AnnAL 

Lemma 4.2. Let M be a coherent Ox -module, and Z its scheme-theoretic support. 
If W is a weakly closed subspace of X such that M £ ModW , then Z C W, i.e., 
QcohZ c ModW-". 

Proof. We show first that some finite direct sum of copies of M has a submodule 
that is an invertible Oz-module. 

Since M is a coherent O^-module, there is an epimorphism (J) Oz{— n) — > M 
for some n ^> and some suitable finite direct sum. The image of each Oz(— n) in 
M is isomorphic to (Oz/Xj)(—n) for some coherent ideal Zj in Oz- Since M is the 
sum of these images, the annihilator of M in Oz is the intersection of all the Ij. 
By definition of Z, that annihilator is zero, so the diagonal map Oz — > ®Oz/1j 
is monic. It follows that Oz{— ri) embeds in a finite direct sum of copies of M. 

By the preceding paragraph, Oz{—n) belongs to ModVT~ for some n, and hence 
for all n 3> 0. Since every coherent O^-module is a quotient of a suitable finite 
direct sum of copies of Oz(— n) for some sufficiently large n, cohZ C ModLT. Since 
ModW^ is closed under direct limits it follows that QcohZ C ModW/. □ 



Proof, (of Theorem 4.1.) Let W be a closed subspace of X. We must show that 
ModVK = QcohZ for some closed subscheme Z of X. Let a : W — > X be the 
inclusion. The counit Ox —> a Sf a*Ox is an epimorphism, so a.*a* Ox = Oz for a 
unique closed subscheme Z of X. Since Oz is a W-module, Lemma L2 shows that 
QcohZ c ModW. 

Suppose that T € modW^, and let Y denote its scheme-theoretic support. By 



Lemma 4.2, QcohF C ModVK. Since Y is also the scheme theoretic support of 
J-(n), X(n) e ModW^ for all neZ, For some n 3> and some suitably large finite 
direct sum, there is an epimorphism @ Ox —> J~(n), hence an epimorphism 

0Q t a*Ox — > a*a* : {T{n)) = T(n). 

It follows that J-{n) is in QcohZ. Hence T G QcohZ also, and we conclude that 
ModVK = QcohZ as desired. □ 

This result suggests the following definitions. 

Definition 4.3. Let X be a locally noetherian space. The support of a noetherian X- 
module M is the smallest closed subspace Z such that M £ ModZ. Such a smallest 
closed subspace exists because an intersection of closed subspaces is closed. A non- 
zero A-module is prime if all its non-zero submodules have the same support. A 
non-empty closed subspace Z of X is prime if it is the support of a prime noetherian 
A-module. 

The definition of a prime module emerged in discussions with C. Pappacena and 
agrees with his definition in [ p^[ . 

If X has the descending chain condition on closed subspaces, then every non-zero 
A-module has a prime submodule: simply take a submodule whose support is as 
small as possible. As remarked at the beginning of this section, the graded line, 
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GrModfc[a;], does not have the descending chain condition on closed subspaces; it is 
easy to see that k[x] does not contain a prime submodule. 

If A is affine with coordinate ring R, then the support of an i?-module is the 
zero locus of its annihilator because R/ AnnM embeds in a product of copies of 
M, so is a module over any closed subspace that contains M, A closed subspace of 
A is prime if and only if it is the zero locus of a prime ideal; thus prime subspaces 
of X are in bijection with the prime ideals in R. 

A non-zero submodule of a prime module is prime. A direct sum of copies of 
a prime module is prime. An auto-equivalence of ModA sends prime modules to 
prime modules. 



By Lemma 4.2, if A is a noetherian scheme having an ample line bundle, the 
support as we have just defined it is the same as the scheme-theoretic support. 

Proposition 4.4. Let X be a noetherian scheme having an ample line bundle. 

1. The (scheme-theoretic) support of a prime module is integral. 

2. A closed subscheme Z C X is integral if and only if Oz is prime. 

Proof. We will use the fact that a closed subscheme Z of X is reduced and irre- 
ducible if and only if the product of non-zero ideals of Oz is non-zero. 

(1) Let Z denote the support (= scheme-theoretic support) of a prime module A4. 
Without loss of generality we may assume that M. is coherent. By the arguments 



in Lemma 4.2, Oz{—n) embeds in a finite direct sum of copies of A4. It follows that 
Oz(— Ti), and hence Oz, is prime. Hence, the scheme-theoretic support of every 
non-zero coherent ideal of Oz is Z . In other words, if X is a non-zero coherent 
ideal of Oz, then XJ ^ for all non-zero ideals J of Oz- Hence Z is reduced and 
irreducible. 

(2) If Z is integral, every non-zero ideal of Oz has annihilator equal to zero, 
so has scheme-theoretic support Z , thus showing that Oz is prime. Conversely, if 
Oz is prime, then every non-zero ideal of it has support equal to Z so has zero 
annihilator, thus showing that Z is integral. □ 



The conclusion of Lemma 4.2 captures one of the essential aspects of commuta- 
tivity: it says that X has a lot of closed subspaces. This is similar to saying that a 
ring has lots of two-sided ideals. The next definition singles out this property and 
we think of it as saying that the space is "almost commutative" . 

Definition 4.5. We say that a locally noetherian space X has enough closed sub- 
spaces if every noetherian module M has the following property: the smallest weakly 
closed subspace Zcl such that M £ Modi? is equal to the support of M. 

In other words, X has enough closed subspaces if every weakly closed subspace 
W C X has the following property: if M is a noetherian ly-module, then there is 



a closed subspace Z of X such that Z C W and M £ ModZ. Lemma 4.2 implies 
that a quasi-projective scheme has enough closed subspaces. 

The next result shows that this notion of "almost commutative" is compatible 
with an older idea of what it means for a ring to be "almost commutative" . Gabriel's 
condition (H) j|, page 422] is expressed as part (2) of the next result; Gabriel (loc. 
cit., page 423) showed that (2) implies (3) and Cauchon jjj proved the converse. 
The equivalent condition (1) is geometric and therefore has meaning for non- affine 
spaces. For example, if A is a connected graded noetherian algebra that is a finite 
module over its center, then property (1) is satisfied by the projective space X 
having A as a homogeneous coordinate ring. 
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Proposition 4.6. Let X be a locally noetherian affine space with coordinate ring 
R. The following are equivalent: 

1. X has enough closed subspaces; 

2. if M is a noetherian R-module, then Ann M = HILi Ann(m^) for some finite 
set of elements nii G M; intersection 

3. there is a bijection between the prime ideals in R and the indecomposable 
infective R-modules. 

Proof. Gabriel and Cauchon have proved the equivalence of (2) and (3). 

(2) (1) Let M be a noetherian X-module, and W a weakly closed subspace 
containing M. Then W contains Z = Modi?/ AnnM. There eare elements S M 
such that the diagonal map Rj AnnM — » n%iR is injective. Since R/ AnnM 

embeds in a finite direct sum of copies of M, whence R/ AnnM G ModVF, whence 
Z G W. 

(1) =>• (2) Let M be a noetherian i?-module with support Z. The smallest weakly 
closed subspace of X containing M is W, where ModW^ consists of all subquotients 
of direct sums of copies of M. Then Rj AnnM is in ModVF, so is a subquotient 
of a direct sum of copies of M. Since Rj AnnM is a projective module over itself 
it follows that Rj AnnM is a submodule of a finite direct sum of copies of M. If 
cp : R/ AnnM — -> M®" is injective, and nii denotes the image of ip(l) under the i th 
projection, then AnnM = n"=i Ann(mj). Thus (2) holds. □ 

Rings satisfying (2) are said to be fully bounded — see |l4|, Sections 6.4 and 
6.10.4]. The standard example of such a ring is one that is a finite module over its 
center. 

In the next proof we use the notion of Krull dimension as defined by Gabriel. A 
noetherian A-module is critical if Kdim M/N < KdimM for all non-zero submod- 
ules N C M. The definition of Krull dimension is such that every non-zero module 
has a non-zero critical submodule. A submodule of a critical module is critical. 
Hence a prime subspace is the support of a critical module, and that module may 
also be chosen to be prime and noetherian. 

Proposition 4.7. Let X be a locally noetherian space having the descending chain 
condition on closed subspaces. Lf X has enough closed subspaces there is a bijection 

{prime subspaces of X} < > {indecomposable injective X-modules}. 

Proof. Let Z be a prime subspace of X and let M be a critical noetherian prime 
module having support equal to Z. Since M is critical it is uniform, so its injective 
envelope, say E, is indecomposable. We will show that the rule Z > E is a well- 
defined map setting up the claimed bijection. 

To show this is well-defined, we must show that E = E' whenever E' is an injec- 
tive envelope of another critical noetherian prime module, say M', whose support 
is equal to Z. 

The hypothesis on X implies that ModZ consists of all subquotients of all direct 
sums of copies of M. Of course, the same is true with M' in place of M. Since 
each of M and M' is a subquotient of a finite direct sum of copies of the other they 
have the same Krull dimension. 

Choose the smallest integer n such that M' is isomorphic to L/K where K C 
L G Mi © ... © M„ and each Mi = M. The minimality of n ensures that LtlMi 
is non-zero for alii. If K n Mi were non-zero for all i, then the Krull dimension of 
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L/K would be strictly smaller that that of M; this is not the case so KtlMi is zero 
for some i. Hence L (~1 Mi embeds in M'. In particular, M and M' have a common 
non-zero submodule, from which we conclude that E = E' . Hence the map Z i— ► E 
is well-defined. 

To see that this map is injective, suppose that Z and Z' are prime subspaces for 
which the corresponding indecomposable injectives, say E and E', are isomorphic. 
Let M and M' be critical noetherian prime modules whose supports are Z and 
Z' respectively. Thus E and E' are injective envelopes of M and M' respectively. 
Since E and E' are isomorphic and indecomposable, M and M' have a common 
non-zero submodule, say N. However, since M and M' are prime they have the 
same support as N. Thus Z = Z' . 

To show that the map is surjective, suppose that E is an indecomposable injec- 
tive. Because X has the descending chain condition on closed subspaces, E has a 
prime submodule and hence a prime critical noetherian submodule, say M. If Z is 
the support of M, then the map defined above sends Z to E. □ 

The next result gives another class of spaces which have enough closed subspaces. 
It applies for example to the category of comodules over a coalgebra that is defined 
over a field. 

Proposition 4.8. Every weakly closed subspace of a locally finite space is closed. 

Proof. Let X be a locally finite space; that is, every X-module is a direct limit of 
finite length X-modules. Let W be a weakly closed subspace of X. It suffices to 
show that Modiy is closed under products because then the inclusion : ModH" — * 
ModX will have a left adjoint. 

Let {Mi | i e 1} be a collection of VF-modules. By hypothesis, Yl ieI Mi, their 
product in ModX, is a sum of finite length JT-modules. Let N be a finite length 
submodule of Yiiei Mi- For each j G I let pj : N — > Mj be the composition of the 
inclusion N — ► Y\ ieI Mi with the projection Yl ieI Mi — > Mj. Write Kj = kerpj. 
Since Cij^iKj is the kernel of the inclusion N — > Jlie/ ^ ^ i s zero ; since iV has 
finite length there is a finite subset J C I such that C\j e jKj = 0. It follows that 
the composition 

iei jeJ 

is monic. Since J is finite, IX^j ^f? 1S isomorphic to ®j & jMj, and therefore belongs 
to ModVT. Hence N belongs to ModVK. 

We have shown that every finite length submodule of Yli^i ^i belongs to ModVK. 
Since ModVF is closed under direct limits we conclude that ILe/ ^» belongs to 
Modi!'. " □ 

5. Closed points 

Notation. If D is a division ring, we write Spec D for the space ModD of right 
-D-modules. 

Definition 5.1. A closed point of a space X is a closed subspace that is isomorphic 
to SpecD for some division ring D. We call it a D-rational point of X. 

We denote a closed point by a single letter, say p, and often write p E X to 
indicate that p is a closed point of X. Since Modp is equivalent to the category of 
modules over a division ring it contains a unique simple module up to isomorphism, 
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and because Modp is closed under subquotients that simple is simple as an X- 
module. We denote any module in this isomorphism class by O p . Thus D is 
isomorphic to Endx O p , and every p-module is a direct sum of copies of O p . 

Although a closed point determines a simple module, a simple module need not 
determine a closed point. 

We will say that an A-module M is compact if Homx(M, — ) commutes with 
direct sums. If X is locally noetherian, this is equivalent to the condition that 
Hom(M, — ) commute with direct limits, and to the condition that M be noetherian 
|16[ Section 5.8]. 

Definition 5.2. An A-module S is tiny if Homx(M, S) is a finitely generated module 
over Endx S for all compact A-modules M. 

Lemma 5.3. Let S be a tiny simple X -module. Then every compact submodule of 
a direct product of copies of S is isomorphic to a finite direct sum of copies of S. 

Proof. Let D = Endx S. Let P be a direct product of copies of S, and M a 
compact submodule of P. Define Mq = M and, if Mj_i is non-zero, we define 
Mi inductively as follows. Since Mj_i ^ 0, there is projection P — > S which 
does not vanish on Mi—\, Let pi : M —* S be the restriction of that projection 
and define Mi = Mj_x (1 kerp^. Since dirno Homx(Af, S) < oo, there is a smallest 
integer n such that p n +i = J^Li PiP% f° r some fii £ D. Therefore ker p n +i contains 
ker pi D • • • fl ker p n . It follows that = M n = ker px fl • • • H ker p„. Hence the map 
Pi © ■ ■ ■ © Pn : M — > S 1 ®" is an isomorphism. □ 

Notation. If 5 is a simple X-module, we write Sum5 for the full subcategory 
consisting of all modules that are isomorphic to a direct sum of copies of S. If D 
denotes the endomorphism ring of S, then Sums' is equivalent to Mod£>. 

In a Grothendieck category a sum of simple modules is isomorphic to a direct 
sum of simple modules. This is not true for (ModZ) op . 

Lemma 5.4. Let S be a simple X -module. The inclusion i* : SumS* — ► ModX has 

a right adjoint v given by 

v N := the sum of all submodules of N that are isomorphic to S. 

Proof. If / : M — > N is a map, then f(i'M) C i'N, so r can be defined on 
morphisms by sending a morphism to its restriction. Thus v really is a functor, 
and it takes values in SumS* because a sum of simple modules is a direct sum. It is 
clear that Homx(S',M) = Rom x (S,iM), so i is right adjoint to i*. 

Alternatively, since SumS* is closed under subquotients, i* is exact, and since 
SumS* is closed under direct sums i* commutes with direct sums, whence i* has a 
right adjoint. □ 

Theorem 5.5. Suppose that X is locally noetherian. Let S be a simple X -module. 
The following are equivalent: 

1. there is a closed point pel such that S = O p ; 

2. : SumS — > ModA" has a left adjoint; 

3. every direct product of copies of S is isomorphic to a direct sum of copies of 
S: 

4. S is tiny. 
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Proof. (1) =>• (2) Since Modp consists of all direct sums of copies of O p , Modp 
SumS*. Hence the fact that p is closed ensures that i» has a left adjoint. 



(2) =>• (1) By Lemma 5.4, has a right adjoint, so the hypothesis ensures that 
SumS* satisfies the requirements to be the module category of a closed point. 

(2) <^> (3) Since i* is exact, it has a left adjoint if and only if it commutes 
with products. That is, if and only if SumS is closed under products. But this is 
equivalent to condition (3). 

(3) => (4) If M is compact, then Hom x (M, S) = Hom x (M, i*S) Horn* (i*M, S). 
But i*M is a quotient of M, so is also of compact. But it is also in SumS, so is a 
finite direct sum of copies of S. Thus Homx(M, S) is a finite direct sum of copies 
of End* S. 

(4) =>■ (3) Let P be a product of copies of S. Since X is locally noetherian, P is 
a direct limit of noetherian submodules. Each of those submodules is of compact, 



and hence semisimple by Lemma 5.2. Therefore P is semisimple. □ 



A locally noetherian space X over a field k is Ext-finite if dirufc Extjf (M, N) < oo 
for all noetherian X-modules M and N and all integers i. If A is a connected graded 
fc-algebra such that dim^ A n < oo for all n, then Section 3] gives conditions which 
ensure that the projective space with homogeneous coordinate ring A is Ext-finite. 

Corollary 5.6. Let X be a locally noetherian space over Specfc. If X is Ext-finite, 
then every simple X-module is isomorphic to O p for some closed point p. If k is 
algebraically closed, then p is k-rational. 

Proof. Let S be a simple X-module. Then Homx (M,S) is finite dimensional over 
k whenever M is noetherian, so S is tiny. Hence there is a closed point p G X such 
that O p = S. Since X is Ext-finite, Homx (Op, O p ) is a finite dimensional division 
algebra over k, and therefore equal to k if k is algebraically closed. □ 

The following is routine but we record it for later reference. 

Proposition 5.7. Let X be an affine space with coordinate ring R. There is a 
bijection between 

1. closed points in X ; 

2. simple R-modules S such that S has finite length over End^, S; 

3. maximal two-sided ideals m such that R/m is artinian. 

If R is a countably generated algebra over an uncountable algebraically closed field 
k, then all closed points are k-rational, and they are in bijection with the finite 
dimensional simple R-modules. 

The hypotheses on k and R in the last part of the proposition are needed because 
it is an open problem whether there exists a division algebra D over an algebraically 
closed field k such that D 7^ k but D is finitely generated as a fc-algebra. If there 
were such a D, then ModD would have a single closed point but that point would 
not be fc-rational and would not correspond to a simple module of finite dimension 
over k. 

The next result says that point modules over a reasonable graded algebra yield 
closed points in the associated projective space. 

Proposition 5.8. Let A be a right noetherian locally finite N-graded k-algebra. 
Let X be the projective space with homogeneous coordinate ring A. Let M be an 
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infinite dimensional graded right A-module such that dinife M/N < 00 for all non- 
zero graded submodules N C M. If A satisfies the condition \i in Section 3], 
then ttM = O p for some closed point p G X . 

Proof. The xi hypothesis implies that Homx(Ox, nM(n)) has finite dimension for 
all n € Z; The hypothesis on M/N ensures that irM is a simple A-module. If 
TV is any right noetherian A-module, then there is an epimorphism from a finite 
direct sum of copies of Ox (n) for various integers n to TV. Hence Homj (TV, irM) is a 
subspace of a finite direct sum of various Homx (Ox ttM), so finite dimensional. 
Thus ttM is a tiny simple. □ 



We have the following consequences of Proposition 3.3. If W is a weakly closed 
subspace of A, and p is a closed point of X such that O p is a M^-module, then p is 
a closed point of W. If Z is a closed subspace of X and p is a closed point of Z, 
then p is a closed point of X. However, a closed point of a weakly closed subspace 
of X need not be a closed point of X; for example, if M is an infinite dimensional 
simple module over a ring R such that R/ AxmM is not artinian, then M does 
not correspond to a closed point of Modi? even though SumM is a closed point in 
SumM. 

Remark. Closed points do not always behave like zero-dimensional geometric 
objects. The following example has been emphasized by Artin and Zhang. 

Fix an algebraically closed field k. Let E be an elliptic curve over Specfc, a an 
automorphism of E having infinite order, and C a line bundle of degree > 3 on E. 
Let B = B(E, tr, C) be the twisted homogenous coordinate ring associated to this 
data f|. ThenB is a connected graded fc-algebra of Gelfand-Kirillov dimension two, 
so A :— B®uB is the homogeneous coordinate ring of a non-commutative projective 
space X that is like a non-commutative 3-fold. If T and Q are noetherian X- 
modules then Fixt x (J~, Q) is finite dimensional for all i. The ring A is Artin-Schelter- 
Gorenstein so X satisfies Serre duality. We use the B-i?-bimodule structure on B to 
view it as a graded right A-module. Applying the quotient functor it : GrModA — > 
TailsA = ModX to this module produces an X-module A4. Since a has infinite 
order every non-zero two-sided graded ideal in B has finite codimension |j| ; hence 



M. is a simple A-module. By Corollary 5.6, there is a closed fc-rational point p 6 X 



such that M. = O p . Because the Gelfand-Kirillov dimension of B is two, and A is 
Cohen-Macaulay with respect to GK-dimension, Ext 2 „ f-B, A) ^ 0. By §, Theor cm 
8.1(5)], Ext 2 Y (0p,0y) ^ 0. Serre duality now gives ^(X, O p (i)) ^ for some 
integer i. The non- vanishing of this cohomology group indicates that p is behaving 
like a geometric object of dimension greater than zero. 

Another example of this sort of phenomenon is given in pj. Let k be the 
complex field. There is a smooth non-commutative projective surface X satisfying 
Serre duality, and a closed fc-rational point p G X such that Ext 1 (O p ,O p ) = 
and Ext x (O p ,O p ) = k. Thus p behaves like a — 2-curve on X. This analogy 
is strengthened by the fact that X is constructed from the sheaf of differential 
operators on P 1 (and the projectivized cotangent bundle to P 1 is a surface with a 
—2-curve). An alternative construction of A is to take a projective compactification 
(as described before Proposition |S.ll ) of the affine space with coordinate ring a non- 



simple primitive factor ring of the enveloping algebra [/(sb); the associated graded 
ring of this factor is the coordinate ring of a singular quadric surface in A , and 
the exceptional fiber in its minimal resolution is a —2-curve. All this suggests that 
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p behaves both like a point and like a — 2-curve. Van den Bergh has suggested 
that we should perhaps think of X as its own blowup at p. The plausibility of 
this idea is reinforced by the fact that the ideal annihilating the simple s ^-module 
corresponding to p is idempotent (because 5(2 is semisimple), so the Rees ring 
construction of the blowup would simply reproduce the original surface. 

Definition 5.9. Let / : Z — > X be a weak map of spaces. Let W be a weakly closed 
or weakly open subspace of Z and let p be a closed point of X. We say that the 
image of W is p, and write f(W) — p, if ^ f*(ModW) C Modp. 

In that case there is a weak map g : W — > p such that ig — fa, where a : W — > Z 
and i : p — > X are the inclusions; its direct image functor is <?* = i*/*a*. 
The map / : Spec k — > X induced by the inclusion 

fk k\ (k k\ 
^0 k) ~* \k k) 

does not send the closed point of Spec A; to a closed point of X. The problem is that 
/♦(Ospecfc) is not a direct sum of copies of a single simple X-module. Similarly, 
if / : Spec k — * Spec(fc x k) is the map induced by the inclusion of the diagonal 
matrices in M2(k), / does not send the closed point of Specfc to a closed point of 
Spec(fc x k). 

The bimodule o p . Let i : p — > X be the inclusion of a D-rational closed point 
of X. Following j23[ Chapter 3], p determines an X-X-bimodule o p defined by 

7iomx{o p , — ) = = the sum of all submodules that are isomorphic to O p . 

Its left adjoint is — ®x o p = If a : SpecD — * p denotes the isomorphism we 
may assume that a* — a'. By definition Homx(Op,-) = a'i'. It is natural to 
denote the left adjoint of this by — <g)£> O p . We write 

(-)* = Rom D (-,D) : ModL> op -> Mod-D. 

The next result extends (2^, Lemma 5.5.1]. 

Lemma 5.10. Let p be a closed D-rational point of X . For all j > 0, 

1. £xt 3 x (o p , — ) = Ext^.(O p , — ) ®_d O p , and 

2. Torf(~,o p ) S Ext^(-,O p )* ® D O p . 

Proof. (1) Using the exactness of some of the functors, we have 
Ext^(O p ,-) ® D O p = (i»a,)off(a ! i ! ) 

= Rp (i*a*a'i ] ) 

(<«*') 
= f^(o P ,-). 

(2) We have 

M ® Op = iJ*M = i*a*a*i*M = (a*i*M) ® D O p , 

and 

&*i*M ^ Home (Hom D (a*i*M, D), D) 
= Hom£,(Homx(M,i*a»D),L>) 
= Hom x (M,O p )*. 
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Combining these two computations shows that 

M (i)x o p = Uom x (M, O p )* ® D O p . 

Taking left derived functors of both sides, and using the fact that (— )* and — ®dO p 
are exact, gives (2). □ 

If p and q are distinct closed points, then o p ®x o q = 0. 

6. The complement to a weakly closed subspace 
Throughout this section X is a locally noetherian space. 

Weakly closed and weakly open subspaces were defined in section two. We begin 
this section by defining the complement to a weakly closed subspace. Results in 
Gabriel's thesis show that the complement to a weakly closed subspace is weakly 
open, and that every weakly open subspace arises as such a complement. 

Definition 6.1. Let X be a locally noetherian space, and let Wbea weakly closed 
subspace. The category of X-modules supported on W is the full subcategory con- 
sisting of those X-modules which are the directed union of a family of submodules 
M each of which has a finite titration by submodules = Mq C Mi C . . . C M r = 
M such that each Mj/Mi_i is a W^-module. We denote this category by 

Uod w X. 

We call the modules Mi/Mi_i the slices of the filtration. 



Proposition 6.2. ||, Prop. 8, p. 377] Let W be a weakly closed subspace of a 
locally noetherian space X. Then ModwX is a localizing subcategory of ModX . 



Definition 6.3. The saturation of a weakly closed subspace W of X is the weakly 
closed subspace W sa t defined by ModW sa t = ModwX. We say that W is saturated 
if W = W sat . 

Remarks. 1. It is obvi ous that {W sa t)sat = W sa t- 

2. The proof of Lemma 5.1C| shows that if W and Z are weakly closed subspaces 
of a locally noetherian space X, then Z sat Pi W sa t = (Z D W) sa t- This implies that 

(znw sat ) sat = {znw) sat . 

Definition 6.4. If W is a weakly closed subspace of a locally noetherian space X, 
its complement, denoted X\W, is the non-commutative space defined by 

ModX\W := ModX/ModiyX. (6-1) 

We write j : X\W — » X for the map consisting of the adjoint pair of functors 
J*) where j* : ModX — > ModX\W is the quotient functor, and j* is its right 
adjoint (which exists because Modw^ is a localizing subcategory). 

One sees at once that X\X = <fi and X\<fi = X. 
Because j* is fully faithful we have the following result. 

Proposition 6.5. Let W be a weakly closed subspace of a locally noetherian space 
X . Then j : X\W — > X is a weakly open immersion. 
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We will identify ModX\W with the full subcategory of ModX consisting of those 
X-modules M for which the canonical map M — > j*j*M is an isomorphism. In 
this way we can speak of X\W as a weakly open subspace of X. 

Since Mody[/X is a localizing subcategory of ModX, its inclusion has a right 
adjoint r : ModX — > Modv^X. This sends an X-module to its largest submodule 
that is supported on W. We sometimes call it the VT-torsion functor. By S, for 
every X-module M there is an exact sequence 

— > tM — > M — > j*j*M -> flVM -> 0, (6-2) 

and rj*j* = 0. 

Proposition 6.6. Every weakly open subspace of X is of the form X\W for some 
weakly closed subspace W . 

If Z is a closed subspace of X, we call X\Z an open subspace of X. 
The following two results are used in section [?]. 

Lemma 6.7. Let W be a weakly closed subspace of X and let U — X\W . Let 
a : W — > X and j : U — > X be the inclusions. Then Ext x (a*M, j*N) = for all 
M G ModVK and aZ/ TV G Mod?/. 

Proof. This result is a restatement of condition (b) in || Lemme 1, p. 370]; condi- 
tion (c) of that result holds because = idu and j* is a left adjoint to j*. □ 

Proposition 6.8. Let U be a weakly open subspace of a locally noetherian space 
X . Let j : U — > X denote the inclusion. Then commutes with direct limits. 

Proof. This is a restatement of [|[ Coroll. 1, p. 379]. □ 

Definition 6.9. Let Ui, i G /, be a small set of weakly open subspaces of X. Let 
ji : Ui — * X be the inclusion maps. We define their union, Ujg/t/j, to be the weakly 
open subspace of X whose module category is ModX/T where T is the localizing 
subcategory consisting of the X-modules M such that j*M = for all i. We say 
that the U provide a weakly open cover of X if their union is X; i.e., if T = 0. This 
is equivalent to the requirement that the diagonal ModX — > Yii ModU is faithful. 
If each Ui is open, we say that they provide an open cover of X. 

We could first define the union of a pair of weakly open subspaces thus making 
U a binary operation on weakly open subspaces. This operation is idempotent, 
commutative, and associative. We can use the associativity to define the union of a 
finite collection of weakly open subspaces in the obvious way, and this agrees with 
the definition above. One has U U <f> = U and U U X = X. 

Lemma 6.10. Let W and Z be weakly closed subspaces of a locally noetherian 
space X. IfU = X\W and V = X\Z , then U U V = X\(W n Z). 

Proof. By definition, ModU U V is the quotient of ModX by the localizing subcat- 
egory ModiyX n Mod^X, so it suffices to show that this is equal to ModiynzX. It 
suffices to prove that the full subcategories of noetherian modules are the same. It 
is obvious that modwnzX C mod^X n mod^X. 

To prove the reverse inclusion, suppose that M is in modvi/Xnmod^X. There are 
finite nitrations = L C L x c . . . C L r = M and = N c Ni C . . . C N s = M 
such that Li/Li-i G modW and Nj/Nj—i G modZ for alH and j. Taking a common 
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refinement of these nitrations produces a finite filtration of M all of whose slices 
belong to modVK D Z, thus showing that M £ modwnzX . □ 

Remarks. 1. It is straightforward to show that if S C T C A are Serre 
subcategories of a Grothendieck category A, then T/S is a Serre subcategory of 
A/S, and A/T is equivalent to (A/S)/(T/S) @ Ex. 6, p. 174]. 

This has the following geometric interpretation. If W C Z C X are weakly 
closed subspaces of X, then X\Z is a weakly open subspace of X\W (Corollary 



7.4). Example 6.11 shows that X\Z is not the complement to Z\W in X\W\ 
indeed, the last phrase does not always make sense because Z\W need not be a 
weakly closed subspace of X \W. 

2. It follows from Lemma |3.10| and the previous remark that U and V are weakly 
open subspaces of U U V. It is easy to see that U U V is the smallest weakly open 
subspace of X that contains both U and V. 

Example 6.11. There is a space X with closed subspaces W C Z C X for which 
there is no weak map from Z\W to X\W making the following diagram commute: 

Z\W x\w 



X. 



Let k be a field, and let X = Modi? be the affine space with coordinate ring 

«-(! % 

Let p and g be the closed points of X corresponding to the simple right modules O p 
and O q , labelled so that O p is the projective simple. Let Z = ModR/N where N 
is the ideal of strictly upper triangular matrices, and let W — q. Clearly ModZ = 
Modfc® 2 . Let j : X\W — > X be the inclusion. There is a non-split exact sequence 
— > O p — > O p — » 9 — » 0. As full subcategories of Mod AT, ModZ consists of all 
direct sums of copies of O p and O q , ModZ\W consists of all direct sums of copies 
of O p , and ModXyil^ consists of all direct sums of copies of the indecomposable 
module j*j*O p . The truth of the claim is now apparent. 

This example is typical of what can happen in non-commutative geometry. Any 
space having a non-split extension of two non-isomorphic tiny simple modules has 
a closed subspace isomorphic to X (for example, the affine space with coordinate 
ring the enveloping algebra of any non-abelian solvable Lie algebra) . The behavior 
is due to the fact that Ext^-(O g , O p ) ^ even though p and q are distinct closed 
points. Although Z consists of two closed points and W consists of only one of 
them, ModZ n ModX\W = </>. 

Lemma 6.12. Let j : U — > X be the inclusion of a weakly open subspace. Then 

1. every weakly open subspace of U is a weakly open subspace of X; 

2. if i : V —v X is the inclusion of another weakly open subspace and ModV is 
contained in ModU , then there is a weakly open immersion (3 : V — * U such 
that i = j/3. 

Proof. (1) Let (3 : V — > U be the inclusion of a weakly open subspace of U. The 
functor i* := j*f3* is fully faithful, so we can view Mod]/ as a full subcategory of 
ModX. And i* has an exact left adjoint (3*j*, so V is weakly open in X. 
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(2) Let (3* : ModV — > ModU be the inclusion. Clearly = j*/?*. Since j* and «* 
have left adjoints, ModU and ModV" are closed under products in ModX. It follows 
that ModV" is closed under products in ModU. Since = idj/, /3* = and 
this is left exact. Therefore /3* has a left adjoint, say /3*. Notice that i* = j3*j*. To 
see that j3* is exact, suppose that — > L — > A/ — > AT — > is exact in ModC/. By [|[ 
Coroll. 1, p. 368], there is an exact sequence — » L' — -> M' — > A 77 — » in ModX 
such that the first sequence is obtained by applying j* to the second. It follows 
that (3* applied to the first sequence is isomorphic to i* applied to the second; since 
i* is exact, we deduce that f3* is exact. Thus f3 is the inclusion of an open subspace 
of U. □ 

Lemma 6.13. Let W and Z be weakly closed subspaces of a locally noetherian 
space X. Then 

Mod W[J zX = Mod w , z X = Modz.wX, (6-3) 

and this is the smallest localizing subcategory of ModX that contains ModW and 
ModZ. 

Proof. Since W U Z contains W and Z, Mod^uz^ contains ModPV and ModZ. 
Since it is closed under extensions it also contains ModW^ • Z and ModZ • W, and 
hence contains ModwmZ^ and Modz,wX . However, since W U Z is contained 
in W • Z and in Z • W, ModwuzX is contained in Modvi/.zX and Mod^.iv^- 



This gives (6^3). Finally, any localizing category that contains ModVF and ModZ 
must contain Modl-V • Z and therefore Modvy»zX, so this is the smallest localizing 
subcategory that contains ModW and ModZ. □ 

Definition 6.14. Let U and V be weakly open subspaces of a locally noetherian 
space X. The intersection of U and V is 

u nv := X\{WU Z), 

where W and Z are weakly closed subspaces such that U = X\W and V = X\Z. 

Remarks. 1. The definition of U f) V docs not depend on the choice of W and 
Z. Although U may be the complement of many different weakly closed subspaces 
W, ModwX depends only on U because, if j : U — > X is the inclusion, Mod\yX 



consists of the modules on which j* vanishes; by Lemma p.!3| , Modvi/uzX is the 
smallest localizing category containing ModwX and M odzX. 



2. It follows from the remark before Example 6.11 that U f] V is a weakly open 



subspace of both U and V. Proposition 3.15 shows that it is the largest weakly 



open subspace o f X t hat is contained in both U and V. 

3. By Lemma |6.13| , if W and Z are weakly closed subspaces of X, and U — X\W 
and V = X\Z are their complements, then 

unv = X\(W»Z) = X\{Z»W). (6-4) 

4. If W and Z are closed subspaces of X, so is Z • W Prop. 3.4.5]. Hence, 
if U and V are open subspaces of X, so is U n V. 

Proposition 6.15. Let U and V be weakly open subspaces of a locally noetherian 
space X. Then ModU n V = ModU n ModV. 
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Proof. Let W and Z be weakly closed subspaces such that U = X\W and V = 
X\Z. Let i : U -> X, j : V -> X, and a : [7 n V -> X be the inclusions. To 
make sense of the statement of the proposition, we identify ModC/ with the full 
subcategory of ModX consisting of those modules M for which the natural map 
M — > i*i*M is an isomorphism, etc. 

The quotient functor a* : ModX — > ModC/ n V vanishes on Mod^X, so a* 
factors through i* : ModX -> ModC/. Hence ModC/ n V C ModC/ n ModV. 

It remains to show that if M is in ModC/ and ModV, then it is in ModC/ D V. 
Let r : ModX — > Mod^uz^ — * ModX be the torsion functor. We must show that 
the middle arrow in the exact sequence 

-» tM ->M-t a*a*M -> tfrM 

is an isomorphism. If t M is non-zero, then M has a non-zero submodule belonging 



to ModIV UZ. By (3-4), M therefore has a non-zero submodule belonging to either 
ModIV or ModZ. But M = i*i*M = j*j*M, so it cannot have such a non-zero 
submodule; we conclude that tM = 0. If R tM ^ 0, then there is an essential 



extension -* M -> W -> T -> with T e ModIV U Z. By T has a 

non-zero submodule belonging to either ModFy or ModZ, say T', and this would 
give an essential extension — » M — » M" — > T' — > contradicting the fact that 
M = i*i*M ~ j*j*M. Thus = also, and the result follows. □ 



Remarks. 1. It follows from Proposition p.lq that U (~l V is the largest weakly 
open subspace of X contained in both U and V. 

2. The binary operation n on weakly open subspaces is idempotent, commu- 
tative, and associative. The associativity allows us to define the intersection of 
a finite number of weakly open subspaces by induction. Both (f> and X are open 
subspaces of X, and if U is weakly open, then UP\(f> — </> and UnX = X. We show 
next that the lattice of weakly open subspaces is distributive. 

Lemma 6.16. Let U , V\, and V%, be weakly open subspaces of a locally noetherian 
space X. Then 

u n (Vi u v 2 ) = (u n v%) u (u n 7 2 ). 

Proof. Let VF, Zi, and Z 2 , be weakly closed subspaces of X such that U = X\W 
axidVi =X\Zi. ThenViUV^ =X\(ZinZ 2 ), and Un(V 1 UV 2 ) = X\{W •{Z 1 C\Z 2 )) 
by Q. On the other hand (C7 n Vi) U (U n V 2 ) = X\(VK • Z x n IV • Z 2 ). To prove 
the result it suffices to show that Modwz 1 nWmZ 2 X = Mod w ,^ ZinZ2 ^X . Since 
IV • (Zi n Z 2 ) C W • Zi fl W • Z 2 , one inclusion is obvious. To prove the other it 
suffices to show that ModIV • Z\ (~l W • Z 2 is contained in Mod^.^p^X. 

Let M € ModIV»ZinlV»Z 2 . There are exact sequences -> Xj -> M -> X, -> 0, 
i = 1,2, with Lj G ModZi, and Xi,X 2 e ModIV. The slices in the filtration 
C L x nL 2 C L\ C M belong to ModZi nZ 2 , ModZi HIV, and ModIV respectively, 
all of which are subcategories of ModIV • (Z\ fl Z 2 ), so M 6 Mod lv .(2 in 2 2 )X. This 
completes the proof. □ 



Definition 6.17. We say that a weakly closed subspace IV of X contains a weakly 
open subspace U of X if ModC/ C ModIV; more precisely, if a : TV — > X and j : C/ — > 
X are the inclusion maps, we say that IV contains U if j* (ModC/) C a* (ModIV). 
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Lemma 6.18. Let U and Z be respectively a weakly open subspace and a weakly 
closed subspace of a locally noetherian space X. Let j : U — > X and 5 : Z — > X 
denote the inclusion maps. Then U is contained in Z if and only if there is a weak 
map v : U — > Z such that 5v — j . If that is the case, then 

1. U is a weakly open subspace of Z; 

2. ifU = X\W, then U = Z\(Z n W); 

3. U is an open subspace of Z if it is an open subspace of X . 

Proof. If U is contained in Z, then Mod?/ C ModZ, so if v* : ModU -> ModZ is the 
inclusion, then 5*1/, = j*. Hence i>„ defines a weak map v : U — > Z such that 5v = j. 
Conversely, if there is a weak map v : U — > Z such that 5v = j, then S^v* = j'*, 
so = dfJ*^* = and 5*5 j* = 5*v* = j'*, whence j*(ModC7) C 5»(ModZ); in 
other words ModU is contained in ModZ. 

(1) Because ModU is a full subcategory of ModX it is also a full subcategory of 
ModZ. Because v* := j*S* is an exact left adjoint to =v*, U is a weakly open 
subspace of Z. 

(2) Since v : U — > Z is a weakly open immersion, ModC/ = ModZ/T where 
T is the full subcategory of ModZ where v* vanishes; however, if M 6 ModZ, 
then v*M = if and only if j*M = 0, so T = ModZ n Mod w Z. Therefore 
U = Z\(Z n W sat ). However, by the remark after Definition |6]| Z\(Z n W sat ) = 

z\(z n w), so u = z\(z n w). 

(3) If {/ is o pen in X, then [7 = X\W for some closed subspace W of X. 



Proposition 3^ shows that Z n W is then a closed subspace of Z, so Z\(Z (~l W) is 



an open subspace of Z. □ 



Definition 6.19. The weak closure of a weakly open subspace £/ of X is the smallest 
weakly closed subspace of X that contains U; we denote it by U. This makes 
sense because an intersection of weakly closed subspaces is weakly closed — see the 



remarks after Proposition 3.3 



If U is a weakly open subspace of a locally noetherian space X, then ModC/ con- 
sists of all X-modules N for which there exists a [/-module P and X-submodules 
L C M C j*P such that N = M/L. It is clear that this subcategory of ModX con- 
tains ModU, is closed under subquotients, and is closed under direct sums because 
direct sums are exact in ModX and commutes with direct sums. 

Lemma 6.20. If U is a weakly open subspace of a locally noetherian space X, then 

1. un{x\u) = <f>; 

2. if U nV ^ 4> for all non-empty weakly open subspaces V in X , then {U) sa t = 
X. 

Proof. (1) Let W be a saturated weakly closed subspace of X such that U = X\W 
and write j : U — > X be the inclusion map. Let t : ModX — > ModwX be the 
H'-torsion functor. Let M G ModX. Since M/tM embeds in j*j*M it is a U- 
module. Hence M G ModC/ • and we conclude that C7 • W — X. Therefore 
4> = X\(U »W) = X\(U UW) = (X\U) n (X\W), as claimed. 

(2) The hypothesis implies that X\U = 4>, whence (U) sa t = X. □ 



If X is the affine space in Example |6.11 , then U = X\q is an open subspace 



such that U = X, but U n (X\p) — U n q — <j). It would be worthwhile to find 
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conditions which ensure that U (~l V ^ <fi f° r an non-empty weakly open subspaces 
V when U = X. 

There is not a useful analogue of quasi-compactness for weakly open covers: if 
Wi is the weakly closed subspace of Spec Z defined at the beginning of section three 
and Ui is its weakly open complement, then SpccZ is the union of the Ui but is 
not the union of any finite subset of these. 

However, the same proof as for the commutative case shows that afiine spaces 
satisfy an analogue of quasi-compactness for open covers. 

Lemma 6.21. If {Ui \ i G 1} is an open cover of an affine space X, then there is 
a finite subset F C I such that {Ui \ i <E F} is an open cover for X. 

Proof. Suppose that R is a coordinate ring for X, and that Zi, i £ I, are closed 
subspaces of X such that Ui = X\Zi. Let K t be the two-sided ideal of R cor- 
responding to Zi\ that is, ModZi = ModR/Ki. Let K denote the sum of all the 
Ki. If ji : Ui -> X is the inclusion, then j*(R/Ki) = 0, so j*(R/K) = 0. Hence 
R/K — 0, and it follows that 1, and hence R, is contained in J2 ieF Ki for some 
finite set F C I. 

Now we show that the Ui, i G F, provide an open cover of X. If M is a non-zero 
module such that j*M = for all i S F, then j*N = for all i € F for every 
simple subquotient N of M. It follows that N G ModZj for all i e F, so NK t = 
for all ieF; this contradicts the fact that R = J2ieF ^ 

7. Containment and intersection of subspaces 

We have defined containment, intersection, and union, for a pair of weakly closed 
subspaces, and for a pair of weakly open subspaces. We would also like to define 
containment and intersection for pairs of subspaces where one of the subspaces is 
weakly open and the other is weakly closed. 

We begin with the following question: if Z and W are weakly closed subspaces 
of X such that W n Z — <f>, is Z a weakly closed subspace of X\W7 Unfortunately 
it need not be. 

To determine exactly when Z is a weakly closed subspace of X\W we need 
to address the following general question. If [i : Z — > X is a weak map, and 
j : X\W — > X is the inclusion of a weakly open subspace, when is there a weak 
map 7 : Z — > X\W such that the diagram 

Z X 

i 

X\W 

commutes? The case when Z is a weakly closed subspace such that Z n W — is 
relevant to the question posed in the previous paragraph. 

Proposition 7.1. Let [3 : Z ^ X be a weak map. Let W be a weakly closed 
subspace of X; let a : W — > X and j : X\W X be the inclusion maps. The 
following are equivalent: 

1. Homx(a»M,/?,W) = Ext^ (a*M, /3*A^) = /or a// M e ModVF tmd a« TV G 
ModZ; 

2. jJ*p*^/3*; 
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3. there is a unique weak map 7 : Z — > X\W such that [3 = jj. 
Suppose that these conditions hold. Then 

1. if (3 is a map, so is 7; 

2. if [3 is an affine map, so is 7; 

3. if [3 is a weakly closed (resp. weakly open, closed) immersion, so is 7. 

Proof. First we establish the uniqueness claim in part (3). If 7 and 7' are weak 
maps from Z to X\W such that f3 = jj = jj', then /?* = j*7* = j*"fi- But 
— id, so j*/3* = 7* = 7*. Because 7* and 7* are naturally equivalent, the maps 



7 and 7' are the same (Definition 2.3 ) 



Define 7* : ModZ — > ModX\iy by 7* = j*/3*. This is an exact functor so 
defines a weak map 7 : Z — > X\W. (It is not necessarily true that j'7 = /?.) Let 
t : ModX — > Mod^X denote the torsion functor that takes the W-support of a 
module. If N £ ModZ, then there is an exact sequence 

r{f3,N) -» (/3,7V) -> j*j*(0*N) -> R't^N) -» (7-1) 

(1) =>■ (2) The vanishing of Horn implies that /3*iV cannot have a non-zero W- 
submodule, so r{f3*N) = 0. The vanishing of Ext 1 implies that i? 1 r(/3*A r ) = 0. 
Hence the natural transformation /3„ — > is an isomorphism. 

(2) (3) Since j',7* = = jj = (3. 

(3) (1) If there is a weak map 7 : Z — > X\I / K such that j'7 = /3, then 
/9* = j*7*, so = j*j*7* —7*, so we may assume that 7* = It follows 
that j*j*(3* = j*7* = whence (2) holds. But j*j*[3*N is the largest essential 
extension of (3*N by a module in ModiyX. It follows that one cannot extend (3„N 
in an essential way by a VF-module. In other words, if — ► f3*N — > _E° — > i? 1 — > . . . 
is a minimal injective resolution in ModX, then Homx(a*M,£ 1 ) = for all W- 
modules M; (1) follows. 

Now suppose that the three equivalent conditions hold. 

(1) Suppose that f3 is a map. Thus /?» has a left adjoint /?*. If L £ ModX\W 
and iV E ModZ, then 

Hom z (/3*j*i, X) £ HomxO'*^, 

= E.amx{j*L,j m j*f}*N) 
SHomjc\w(i,j*ja.JV) 
= Hom x \ H /( J L,7*7V). 

Therefore 7* := /3*J* is a left adjoint to 7*, so 7 is a map. 

(2) Suppose that (3 is an affine map. We have just seen that 7 is a map. Since 
/3* is faithful and /3* = j*7*, 7* is faithful. Since /3* has a right adjoint, /3 say, 7* 
has a right adjoint, namely 7 := (3 j*. Therefore 7 is an affine map. 

(3) Suppose that /3 is a weakly closed immersion. Then /3* is fully faithful, 
/3*(ModZ) is closed under subquotients in ModX, and /3* has a right adjoint /?'. 
Thus 7 := j3 j* is right adjoint to 7*. Since 7^7* = j3'j*j*j3* = /?'/?*, we have 

Hom x ^( 7 ,I, Tt JV) £ Hom z (L,7 ! 7 ,X) £ Hom z (L, /3 ! /3,X) = Hom^(i,JV). 

Hence 7* is fully faithful, and we can view ModZ as a full subcategory of ModX\iy 
via 7*. To see that 7* is a weakly closed immersion we must check that 7* (ModZ) 
is closed under subquotients in ModX\W. 
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Let N be a Z-module and suppose that O^K^j^N^L^Oisaii exact 
sequence in ModX\W . Applying produces an exact sequence 

-» j*K -> j*j*(3»N = /3*7V -> j*L -> fl^.if 

Since j*K — ► /?*AT is an X-submodule of a module in /3„(ModZ), which is closed 
under X-submodules, j*AT 6 /3*(ModZ); thus j*K = (3*f3'j*K. Hence K = 
j*j*K = j*/3*0 l j*K = 7*7 ! AT. In particular, if e 7*(ModZ). If we apply 
7* to the exact sequence — > 7 ! AT — > JV — > NjyK — > we obtain an ex- 
act sequence — ► "f*yK = K — > 7*iV — » -f*(N/j ] K) — > 0. It follows that 
L = ^^(N/j'-K) G 7*(ModZ). Hence 7*(ModZ) is closed under subquotients. This 
completes the proof that 7 is a weakly closed immersion if /? is. 
It follows that 7 is a closed immersion if (3 is. 

Finally, suppose that (3 is a weakly open immersion. Thus /3* has an exact 
left adjoint (3* . Since [3 is a map, so is 7. In other words, 7* has a left adjoint 
7* := (3*j*. If M E ModW and AT € ModZ, then 

Hom x (^*a*M,Af) = Hom x (a,M, &AQ = 

so (3* vanishes on all VF-modules. Since (3* is exact and commutes with direct 
limits, it therefore vanishes on ModwX. By || Coroll. 2 and 3, pp. 368-369], 
there is an exact functor H : ModX\FF — * ModZ such that Hj* = (3*. However, 
H = Hj*j* = /3*j* = 7*. Therefore 7* has an exact left adjoint, thus showing that 
7 is a weakly open immersion. □ 



Definition 7.2. Let W be a weakly closed subspace of X. Let V be either a weakly 
closed or weakly open subspace of X. We say that V is contained in X\W, and 
write V C X\W, if Modl^ c ModX\W. 



Remarks. 1. If ModF C ModX\W, then it follows from Lemma 3.7 



that 



Ext x (M, N) = for all VF-modules M and all V- modules N. Hence, by Proposition 



7.1 , the inclusion 7* : ModV^ — > ModX\W is the direct image functor for a weak 
map 7 : V — * .X\W satisfying /3 = j'7. Furthermore, V is a weakly closed (resp., 
weakly open, closed) subspace of X\W if it is weakly closed (resp., weakly open, 
closed) in X. 

2. Let Z be a weakly closed subspace of X. If Z C A\FF, then Z l~l W = <f>. 
However, if Zn W = 0, then Z is contained in AT\VF if and only if Ext x (M, N) = 
for all VF-modules M and all Z-modules AT. 

3. Example |6.11 exhibits distinct closed points p,q £ X such that q is not 



contained in X\p. Compare this with Corollaries |7.3| and B/7. 

4. If V is contained in X\W, so are the weakly closed and weakly open subspaces 
of V. 

Corollary 7.3. Letp be a closed point of X, and let W be a weakly closed subspace 
of X that does not contain p. Let j : X\W — > X be the inclusion. Suppose that 
Ext x (j*M, O p ) = for all W -modules M. Then 

1. p is contained in X\W ; 

2. p is a closed point of X\W ; 

3. if q is a closed point in X\W , then j*O q = O p if and only if q = p. 



Proof. Let (3 : p — > X denote the inclusion. By Proposition 7.1, there is a closed 
immersion 7 : p — > X\W such that [3 = j'7. Thus we can view p as a closed 
subspace of X \W. The fact that p is a closed point of X\W follows from the fact 
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that 7*0 P = j*[3*O p is simple in ModX\W (a localization functor sends a simple 
module to a simple module or zero). Part (3) follows from the fact that j* is fully 
faithful. □ 

Corollary 7.4. Let W C Z C X be weakly closed subspaces of X . Then X\Z 
is a weakly open subspace of X\W . Precisely, there is a weakly open immersion 
7 : X\Z — » X\W such that the following diagram commutes: 

X\Z — ^— > X 



x\w. 



Proof. By Lemma EL7, Ext y (— , f3*N) vanishes on all Z-modules. Thus the first 



condition in Proposition 7.1 is satisfied, and it follows that such a 7 exists. □ 



Remarks. 1. By Proposition 6.15, if U and V are weakly open subspaces of 



X , then there is a commutative diagram of weakly open immersions 

unv — ^ u 



(7-2) 



V > X. 

j 

Corollary |7.4| also confirms this: let W and Z be weakly closed subspaces such that 
U = X\W and V = X\Z; let 7 : U D V = X\(W U Z) -> X be the inclusion; 
since W C W U Z , there is a weakly open immersion a : X\(W U Z) — > X\W such 



that ia = 7 (by the proof of Proposition 7.1, a is obtained by defining a* = i*7 



/*,/> 



similarly, there is a weakly open immersion (3 : X\(W U Z) — > X\Z such that 
j/3 = 7- 

2. In contrast to the case for schemes |8|, Ch. II, Ex. 4.3], we cannot conclude 
that U n V is affine even if U and V are open affine subspaces of an affine space 
X. This is not a surprise. Suppose that X is affine with coordinate ring R. If 
i and j are affine maps, then U and V 7 are affine, with coordinate rings Ru and 
Rv say; we can choose R such that i and j are induced by ring homomorphisms 
R — ► and i? — » l£y , both of which are necessarily epimorphisms in the category 
of rings. However, when R is not commutative, there may not be a ring structure 
on Rjj ®r Ry such that the natural map R — > Rjj ®# Ry is a ring homomorphism. 

Proposition 7.5. Lei E7 and V be weakly open subspaces of a locally noetherian 
space X . Then U flV is the fiber product U x x V of U and V in the category of 
spaces (with maps as the morphisms). 



Proof. Consider the diagram (J7-2J) above. Suppose that / : Y — > U and g : Y — > V 
are maps such that if = jg. We must show that there is a unique map h : Y —> UnV 
such that / = ah and g = (3h. 

The inclusion 7 : U R V — > X is given by 7* = i*a* = j*/9*. Since 7* = a*z*, we 
have 7*i* = a*. 

Because the image of is the same as that of j*<?*, it is contained in Mod/7 l~l 
UoAV = ModC/ n V, whence i*/* = 7*7*1*/*. Thus 

** ■ £ r^j ■ * * * £ ** / • * ■* \ ■ /• ro * 
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By Proposition 7.1, there is a unique map h : Y — > U D V such that / = ah. The 
proof of that result shows that /i* = a*/*. The "same" argument shows there is a 
unique map /i' : Y — > Z7 PI V such that g = f3h' , and /i* = (3*g*. Therefore 

h* = a*U - 7*i*f* = 1*3*9* = P*9* = K, 
and we conclude that h — h' , completing the proof. □ 



We now generalize the question posed prior to Proposition (7.l[ If Z and W are 
weakly closed subspaces of a space X, when is Z\(Z nW) a weakly closed subspace 



of X\W1 Example 6.11 shows that the answer is not "always". 



Proposition 7.6. Let W and Z be weakly closed subspaces of a locally noetherian 
space X . Denote the inclusion maps by 

Z — S —> X <— - — W. 



V 



z\(znw) x\w 

There is a weakly closed immersion 7 : Z\(Z T\W) — » X\W such that j^f — Se if and 
only ifExtx(a*M,6*e*N) = for all M e ModW and all N G ModZ\(Zn W). 
In that case, if 8 is a closed immersion, so is 7. 

Proof. We set [5 = Se. Thus : Z\(Z flff)^Iisa weak map. 



(=>) Suppose there is a weak map 7 such that j'7 = Se. By Proposition 7.1, 
Ext x (a*M, 5*e*N) = for all M and N. 

{<=) Proposition ^l] immediately yields a weak map 7 : Z\(Z PI W) — » 
such that jj — (3 — Se. Explicitly, 7* = = j*5*£*. Furthermore, /3» = j*j*(3*. 

To show that 7 is a weakly closed immersion we must show that that 7, (ModZ\(ZC\ 
W)) is closed under subquotients in ModX\W and that 7* is exact, fully faithful, 
and has a right adjoint. 

Since it is a composition of left exact functors, 7* is left exact. To show that 7, is 
exact, it suffices to show that j*<5»(i? 1 e») = 0. Now i? 1 e„ takes values in ModznwZ 
and j*S„ vanishes on this because j* vanishes on ModwX. Hence j*S^(R 1 e^) = 
and 7* is exact. 

Because j* and <5* have right adjoints, they commute with direct limits. By 



Lemma 6.7, £* commutes with direct limits. Therefore 7* commutes with direct 
limits. Since 7* is exact it therefore has a right adjoint, which we denote by 7 ! . 

It is useful to have a precise formula for 7'. Since j*S* vanishes on ModznwZ, 
j*S* vanishes on the kernel and cokernel of the natural transformation id^ — * £*£*. 
Hence the natural transformation — * j*S*e*e* is an isomorphism. That is, 
j*S± = 7*£*. Taking right adjoints, <5'j* = £*7 . It follows that 



7 = £ 6 ]*. 
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The fact that 7* is fully faithful follows from the calculation 

Hom z \ (zrw) (I., AO = Hom z y ZnW r) (e*£*i, N) 
= Uom z (e^L, e*N) 
= Rom z (e*L, S ] S*e*N) 
= Rom x (6*e*L, /3* AT) 
= Homx(<5*e*i, j*j*/3*N) 
= Rom X \w(3*^*£*L,j*P*N). 

Because 7, is fully faithful, the unit v^z\(znw) ~ * Tl* 1S an isomorphism. 

Now we check that 7»(ModZ\(ZnW / )) is closed under subquotients in ModX\W . 
Let A" e ModZ\(Z n W), and consider an exact sequence — > P — > 7*A" — > Q — > 
in ModX\T / F. Hence j*P is an X-submodule of j*-f*N = S^e^N. But (5* (ModZ) is 
closed under submodules, so j*P is a Z-module. Formally, j«P = 6*5 j*P, whence 

P = j*j*P = j*5*6'j*P = 7*£*£ ! j*P = 7*7 ! P 

Thus P is in the image of 7* . Now, if we apply 7* to the exact sequence — » 7 ! P — » 
7 ! 7*A r = AT — > N/yP — > 0, we obtain the original sequence — * 7*7 ! P = P — » 
7, AT -> 7»(AT/7 ! P) -> 0, from which it follows that Q = y*(N/rP). 

Finally, we show that if (5 is a closed immersion, so is 7. If 5* is a left adjoint to 
<5*, then 

Homzf^r^RL) £ Hom JC (j„P > <U,£) = Eom x U*P,j*f(3*L) 

= H.om X \w(j*3* p >fP* L ) - ft° m x\w(P,7* L )- 
Hence 7* := e*<5*j* is a left adjoint to 7*, showing that 7 is a closed immersion. □ 



Lemma 7.7. In the setting of Proposition 7.6 



j*7*(ModZ\(Z n W)) = 5„(ModZ) n j*{ModX\W). 

Proof. Since 5* and j„ are fully faithful, the category on the right-hand side is a full 
subcategory of ModAT. So is the category on the left-hand side, because 7* is fully 
faithful. Hence to verify this equality it is enough to check it on objects. Because 
j + 7„ = (5*6*, the left-hand side is contained in the right-hand side. Conversely, 
a module on the right-hand side is of the form 6*L for some L E ModZ and it 



satisfies S*L = j*j*5*L. The proof of Proposition 7.6 showed that j*5* = 7*£*, so 



5*L = j*j*5*L = t j*7*£*L, which is in the left-hand side. □ 

Definition 7.8. Let W and Z be weakly closed subspaces of a locally noetherian 
space X, and set U = X\W. Let a : W -> X and /3 : Z\(Z n W) -> Z ' -> X be the 
inclusions. If Ext^-(a*M, f3*N) = for all M 6 ModPF and all AT in ModZ\(ZrW) 
we define Z C\U by declaring 

ModZ n U := ModZ n Modt/. 

Remarks. In these remarks, W and Z are weakly closed subspaces of X, U 



denotes X\W, and w e use the notation of Proposition [7.6 . 

1. Example |6.11 shows that Z n U is not always defined. In that example, 
Zn(X\q) is not defined because Z\(Zr\q) = p and Ext x (O q , O p ) ^0. This shows 
that Z OU need not be defined even if U — > A" is affine. 
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2. If Z is contained in U (Definition 7.2), then Lemma 6.7 ensures that Z n U 
is defined, and Z C\U = Z. 

3. If 17 is contained in Z (Definition |6.17|) , then Z\{Z C\W) = U by Lemma 
so Lemma 6.7 ensures that Z n J7 is defined, and Z n J7 = U. In particular, 

f/. 



3.18 



U and ?7 n U 



xnu 

4. Lemma 3.7 implies that W HU is defined, and W PI U = 0. 

5. If V C 17 is a weakly open subspace of U, then V is weakly open in X, and 
V C U where these are the weak closures in X. We do not know iiVHU is defined. 

6. If U is also weakly closed in X, then we may use Definition 3.2 to define 



Z C\ U; it is a weakly closed subspace of Z, of J7, and of X , and is also weakly open 



in Z by Proposition 3.3. We claim that ZHU is also defined according to Definition 
7.8; comparing Definitions |3.2| and |7.8| it is then clear that the two definitions of 
Z n U agree. To verify the claim we must show, in the notation of Proposition 
7.6 , that there i s a map 7 : Z\[Z n W) — > X\W making the diagram commute. 
By Proposition 71, it suffices to show that j*j*5*e* = <$*£*. Since j : U — > X 
is a weakly closed immersion, the natural map 6*£*N — > j*(5*£*-/V is epic. The 
kernel is r((5*e*AT), where r is the IV-torsion functor. However, zero is the only 
Z n ly-submodule of s*N, so zero is the only W^-submodule of S*e*N, whence 
r(5*e*N) = 0. 

7. If Z is also weakly open in X, then we may use Definition 3.14 to define 



Z n U; we claim that Z n {7 is also defined according to Definition 7.8; comparing 



Definition 7.8 with Proposition 6.15, it is then clear that the two definitions of 
Z n U agree. To verify the claim we must show that Ext^- (a»M, S^e^N) — for 
all M e ModW and all N G ModZ\(Z n W). Since Z is both weakly open and 
weakly closed, 5* is exact. Therefore the spectral sequence ( |2-2| ) for S : Z — > X 
collapses, and gives Since ^*a»M is a 



Z n W^-module, Lemma |6/?j applied to the open subspace Z\(Z (~1 W) of Z shows 
that this Ext^ group vanishes. 

Proposition 7.9. Let W and Z be weakly closed subspaces of a locally noetherian 
space X , and set U = X\W . Suppose that Z C\U is defined. Then 

1. znu = z\(znw); 

2. Z <~] U is a weakly open subspace of Z and a weakly closed subspace of U ; 

3. if Z is closed in X , then Z n J7 is closed in U ; 

4. if ' U — > X is an affine map, so is Z DU —> Z. 



sition 7.6 



Proof. Pa rt (1) follows from Lemma |7.7| , and parts (2) and (3) follow from Propo- 



(4) In the notation of Proposition 7.6 we must show that £* is faithful and has a 
right adjoint, where e is the weakly open immersion Z PI U — > Z. We already know 
that £* is faithful and commutes with direct sums since e* is a localization. Since 
j : U — > X is affine, j» and hence j*7» is exact. But j»7* = 5»£*; since a sequence 
of Z-modules is exact if and only if it is exact when considered as a sequence of 
X-modules, it follows that £» is exact. □ 

The language we have been using is close to that of topology. For this paragraph 
only we will say that the notions of weakly closed and weakly open subspaces 
provide a space with an almost-topological structure. If Z and U are respectively a 
weakly closed and weakly open subspace of X, it (almost) makes sense to ask if the 
almost-topological structures on Z and U (which they have by virtue of the fact 
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that they are spaces) are the same as the induced almost-topological structures on 
them. The next result shows this is true for U, but the example that follows it 
shows this is false for Z. 

Proposition 7.10. Let U be a weakly open subspace of a locally noetherian space 
X . Then every weakly closed subspace of U is of the form Z C\U for some weakly 
closed subspace Z of X . 

Proof. Let V be a weakly closed subspace of U, and let 7 : V — > U and j : U — > X 
be the inclusions. We seek a weakly closed subspace Z of X such that V = Z n U. 
That is, if 5 : Z — » X denotes the inclusion, we seek a commutative diagram 

znu = v — — > U 



X. 



5 

By hypothesis, f* & n d 7* are fully faithful, so we can think of them as inclusions of 
full subcategories. 

Let A be the full subcategory of ModX consisting of all X-modules N that can 
be written as N = M/L where L C M C j*7*P are X-submodules of j*7*P for 
some P S ModV. 

Clearly A is closed under subquotients in ModX. Hence the inclusion <5* : A — > 
ModX is exact. If iV< = Mi/Li, i G I, belong to A where L, C M, C j*7*Pi, then 
taking direct sums in ModX, we have ©jiVj = ©,-M,-/ ©j Lj, and 

®£iC0M iC ® j*7*P = i*7*(0 Pi) 

i i i 

where the final direct sum is taken in ModF and the final isomorphism is due to the 
fact that j* and 7* commute with direct limits. It follows that (BiNi is in A. Thus 
A is closed under direct limits in ModX. Hence <5* commutes with direct limits, 
and therefore has a right adjoint S' . So we can define a weakly closed subspace Z 
of X by declaring ModZ to be A. 

We now show that j*7*(ModV) = 5* (ModZ) n j*(Mod£7). One inclusion is easy: 
if P G ModV^, then j*7*P is in ModZ by definition, thus showing that the right- 
hand side contains the left-hand side. Now suppose that N is in the right-hand side. 
Thus N = M/L where L C M C j*7*P for some P G ModV. There are inclusions 
j*L G j*M G j*j*"f*P — 7*-P- Since 7* (ModV") is closed under subquotients in 
ModC/, j*M/j*L is in 7*(ModV). Hence j*N G 7*(ModV). But N is in j„(ModC7), 
so N = j.J*N G j*7*(ModV). 

To show that Z Ci U is defined we must show that Ext^(a* — , <5*£* — ) = 0. Since 



<5*e* = j*<5* this follows from Lemma 5.7. Hence Z n U is defined, and it follows 



from the previous paragraph and Lemma 7.7 that V = Z n £7. □ 



We should probably call the Z constructed in the previous proof the weak closure 
of V in X, and extend Definition 6.19 accordingly. If we do that, then Proposition 



7.10 says that V = V H U whenever V is a weakly closed subspace of a weakly open 
subspace U. Thus V is the analogue of a locally closed subscheme in the sense that 
it is a weakly open subspace of its weak closure V. 

If products are exact in ModX (for example, if X is affine), there is a version 



of Proposition 7.10 with "weakly closed" replaced by "closed" . In that case, the 
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equality V PI U — V extends the result that if Rs is an Ore localization of a ring 
R, and J is a right ideal of Rs, then J = ( J Pi R)Rs- 

Example 7.11. We exhibit a closed subspace Z C X and an open subspace of Z 
that is not of the form Z Pi U for any weakly open subspace U of X. We retain the 



notation in Example 6.11. The weakly open subspaces of X are 

0, X\p = q, X\q,X 
and the weakly open subspaces of Z are 

<t>, Z \P = Q, Z\q = p, Z. 

Therefore p, which is weakly open (even open) in Z, is not equal to Z PI U for any 
weakly open subspace U in X. 

8. Effective Divisors 

Van den Bergh |23fl has defined the notion of a divisor on a non-commutative 
space. The reader is referred there for the definition and basic results. Further 
properties of effective divisors can be found in ||. 

Definition 8.1. An effective divisor Y on a non-commutative space X is an in- 
vertible proper subobject ox{~ Y) of ox in the category of X-X-bimodules. 

If X is a scheme such that QcohX is a Grothendieck category, then there is 
a bijection between effective Cartier divisors and effective divisors in the sense of 



Definition 8.1 



If Y is an effective divisor, then ox{— Y) is a proper ideal in ox, so the results 
in |^3|, Section 3.5] show that Y determines, and is determined by, a non-empty 
closed subspace of X which we also denote by Y. The category ModY" is the full 
subcategory of ModX consisting of those M such that the natural map M(—Y) — > 
M is zero. 

We write i : Y — > X for the inclusion of the effective divisor. The left and right 
adjoints to the inclusion i* : ModY" — > ModX are related via their derived functors 
as follows: 

R}v =i*{-){Y) and L x i* = v (-)(-Y) . (8-1) 



Because i* is right exact, R 2 r = 0. Therefore the spectral sequence (2^1) degener- 
ates, giving a long exact sequence 

^Ext^(M,riV) -> Ext^(i*A/, AO -> Homy(M, R l r N) -> (8-2) 

^Ext^(Af,i ! A) Ext x (i*M, N) — > Exty(M, R^i'N) ••• 

The associated exact sequence of bimodules is 

> o x (-Y) > o x — ^ o Y > 0, (8-3) 

where— ®xoy = and Horn x(oy,—) = i*i'- Applying M®x~ to this produces 
an exact sequence 

-» Torf(M, o Y ) = vM(-Y) -> M (-Y) ^ M -> i*M -> 0. (8-4) 
We note that Tor*(-, o Y ) = for r > 2. 
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Proposition 8.2. Let i : Y — > X and a : W — > X be the inclusions of an effective 
divisor and a weakly closed subspace respectively. Suppose that M(Y) and M{—Y) 
belong to MoAW whenever M does. Then W n Y is an effective divisor on W if 
and only if W C\Y ^ <\> and Torf(oy, ow) = 0. The last condition is equivalent to 
i*a*ct' vanishing on all infective X-modules. 

Proof. By Proposition 3.3, there is a commutative diagram 



WHY — > Y 



W > X. 

in which W fl Y is a closed subspace of W. Furthermore, 7*<5* = i*a* and 8*j' = 
a'i*. 

Before proceeding we establish the equivalence claimed in the last sentence of 
the Proposition. By definition of Tor x , if E is an injective X-module, then 

liomx(Torf (oy , ow), E) = £xt x (oy,Homx(ow, E)) = R 1 v(a*ot' E) . 

Therefore Tor^ (oy, ow) — if an only if i*a*a'E = for all injective X-modules 
E. 

Now suppose that W n Y is an effective divisor on W. Since an effective divisor 
is non-empty, W (~l Y ^ (p. Furthermore, 5* = R 1 5' (—)(W flY), so 6* vanishes on 
all injective VF-modules. Since or sends injectives to injectives, 7»<5*cr vanishes on 
all injective X-modules. Hence i*a*a' vanishes on all injective X-modules. 

Conversely, suppose that W fl Y ^ <j> and that Tor*(oy,ow) — 0. Because 
W fl Y ^ <fi, ownY 7^ 0. Hence to show that W D Y is an effective divisor on 
W, we must prove the invertibility of the ideal 7 of ow that is the kernel in the 
exact sequence — > 7 — > — > ovi/nv — > of VF-VF-bimodules. By definition, 
WoroBK°vmr,A7) = SJ'M for all Af £ ModW. The ideal 7 is defined by the 
requirement that if E is an injective H^-module, then the sequence 

-> £*<5 ! £) -> 75 -> Hom w {I,E) -► 

is exact. Equivalently, Homw{L , E) is defined by the requirement that 

— * a*<5*<5 ! i? — + a*75 — » a*H.omw(I , E) — ► 

is exact for all injective VF-modules 7?. But a*<5*<5 ! 7? = Homx(oy,a*E), so 
a*TLomy/{I,E) is the cokernel of the map Homx{oy ,a„E) — ► Homx(ox , a*E). 
However, the exact sequence 

O^ox(-F) ^oy ^0 

gives rise to the exact sequence 

-^Homx(oy ,a*E) — > Homx(ox,ct*E) — > Homx(ox(—Y), a*E) — > 

£xt x (oY,at,E) — > 0. 

Therefore a*Homw(I, E) is characterized by the fact that it is the kernel in the 
exact sequence 

— > Q»'Homiy(^7 £-) - * 7~lomx(ox(—Y), a*E) — > £a;f x (oy, a*75) — > 0. 
However, if 75' is an injective envelope of a*75 in ModX, then 75 = or 75', so 
£a;i x (oy, a»75) = Ext x {oy , Horn x{ow ,E')) = Horn x (Tor 1 (oy ,ow),E') 
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which is zero by hypothesis. It follows that 

a*Homw(I, E) = Homx(ox(—Y), &*E) 

and hence that 

Homw(I, —) — otTiomx(ox(—Y), — )a* 

on injective W^-modules, and hence on all VF-modules. 

However, if F, G & Lex(X, X) are mutual quasi-inverses and each sends ModW^ 
to itself, then a Fa* and aGa* are in Lex(W / , W) and are mutual quasi-inverses. 
Therefore Homw(I, —) is an auto-equivalence of MocW. □ 

The next two lemmas will be used later. 

Lemma 8.3. pij If Y is an effective divisor on X , then ModyX is closed under 
injective envelopes in ModX. 

Proof. This is proved in (24|, Proposition 8.4]. In their notation, — ®x °x{—Y) 

corresponds to the functor G, and ModF corresponds to B = V. □ 



Lemma 8.4. Let Z be a weakly closed subspace of a locally noetherian space X. 
Let j : X\Z — > X be the inclusion map. Let t : ModX — * Mod^X — > ModX be 
the functor that takes Z -torsion. If ModzX is closed under injective envelopes in 
ModX, then 

1. every injective X-module is a direct sum of a torsion injective and a torsion- 
free injective; 

2. for i > 1, the right-derived functors satisfy R i+1 rM = R'j*(j*M). 

Proof. (1) Let E be an injective X-module. Since E contains a copy of the injective 
envelope of tE, and since that injective is torsion by hypothesis, tE is injective. 
Hence E = tE © Q with Q a torsion-free injective. 

(2) Let M — > E' be an injective resolution of M. For each i, write P = t(E 1 ), 
and set Q l — E l jP . Then there is an exact sequence of complexes 

-> I' -> E' -> Q' -> 

which gives a long exact sequence in homology. However, = R % tM, and 

/!*(£•) = for i > 1, so R 1+1 tM = /i l (Q') for i > 1. 

Since Q % is torsion-free, j*Q l is an injective X\Z-module, and j*j*Q l = Q l . 
Since j* is exact, j*M — > j*.E* is an injective resolution in ModX\Z. The com- 
plexes j*Q' and are isomorphic, so j*M — » j*Q' is an injective resolution in 
ModX\Z. Thus /,"./. ^ ^(j»j*Q*) = /i l (Q*). □ 



Proposition 8.5. Let Y be an effective divisor on a locally noetherian space X. 
Let i : Y —> X and j : X\Y — > X oe £/ie inclusions. Then 

1. j is an affine map; 

2. rj* = = 0; 

3. whenever M G ModX and X e ModX\F, 

Ext^ Ny (j* Af, X) S Ext£(M, i,X). (8-5) 

Proo/. Let r : ModX — > ModyX — > ModX denote the Y-torsion functor. 

(1) By Lemma S.4, (R 1 j*)j* = R 2 t. But r is the direct limit of the func- 
tors Homx(ox/ox(—nY), — ) for n > 0, so R 2 t is the direct limit of the functors 
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£xt 2 x (ox / ox{—nY), — ), each of which is zero because ox(~ Y) is an invertible bi- 
module. Therefore = R 2 t = [R 1 ]*)]*. Since every X\y-module is of the form 
j*M, it follows that R 1 j* = and we conclude that is exact. But commutes 
with direct sums (Proposition |6.8|), so it has a right adjoint. Since = id x \y, 
j* is fully faithful. Hence j is an affine map. 

(2) The definition of j» ensures that i j* is zero. Let N 6 ModX\F, and suppose 



that i*j*N is non-zero. By (8-4), there is an exact sequence 



-> (j*N)(-Y) j.N -» i*j*N -> 0. 

It follows from the construction of j'*, that j*N is not an essential extension of 
ti*N)(-Y). Hence, if V denotes the image of (j*N)(-Y) in j*N, V (1 L = 
for some non-zero submodule L C j*N . But then L embeds in i*j*N, so is a 
^-module, contradicting the fact that r(j*N) — 0. From this contradiction we 
deduce that i*j*N = 0. 



(3) Because j» is exact, the spectral sequence (2-2) for U = X\Y collapses 



giving Ext£(- j*iV) = Ext n XXY (j*~,N). □ 

Proposition 8.6. Let Y be an effective divisor on X . If Z is a weakly closed 
subspace of X such that Z D Y — <p, then 

1. Z is contained in X\Y , and 

2. Y is contained in X\Z . 

Proof. Let i : Y — » X and (3 : Z — > X denote the inclusions. Because Z n Y = 0, 
both v and i* vanish on all Z-modules. Let M and iV be respectively a F-module 
and Z-module. 

(1) Since v and R 1 v vanish on all Z-modules, (8-2) gives Extx(**Af, fi*N) = 0. 
This is precisely the criterion for Z to be contained in X\Y. 

(2) Since v vanishes on all Z-modules, the only Z-module belonging to ModyX 



is the zero module. Hence Homx(/3*iV, — ) is zero on ModyX. By Lemma 3.3 
all the terms in the minimal injective resolution of i*M belong to ModyX; hence 
Ext^-C^iV, i*M) = for all n. Hence Y is contained in X\Z. □ 

Corollary 8.7. Let Y be an effective divisor on X . A closed point in X is con- 
tained in either Y or X\Y but not both, and is a closed point in whichever of these 
spaces contains it. 

Proof. Let p be a closed point of X and suppose that p does not lie on Y. By 



Proposition |8.6|, p is contained in X\Y. As remarked in the proof of Corollary 7.3 



p is closed in X\Y and hence is a closed point of X\Y. □ 

It is not true, even in the commutative case, that the set of closed points in X 
is the disjoint union of the set of closed points in Y and the set of closed points 
in X\Y; consider the spectrum of a discrete valuation ring. The next result gives 
conditions under which that is true. 

Proposition 8.8. Let X be a locally noetherian space. Suppose that j : X\Y — > X 
is the inclusion of the complement to an effective divisor. Let p G X\Y be a closed 
k-rational point of this complement. If j*O p is a noetherian X -module, then it is 



simple, and j(p) (see Definition 5^) is a closed k-rational point of X 
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Proof. We will show first that if j*0 p is not a simple JT-module, then it is not 
noetherian. To that end, suppose that M is a non-zero X-submodule of j*O p that 
is not equal to j*O p . 

Let i : Y — » X be the inclusion and let r : ModX — ► ModyX be the y-torsion 
functor. Since vj* = 0, vM = and tM = 0. Hence there is an exact sequence 







M -> j*0 p -> HVM -> 0. 



Since A/ is torsion-free, j*M 7^ 0, whence j*M = j*j*O p = C p 



(8-6) 

Because i*j* = 0, 



applying (8-4) to j*O p gives j*O p = (j*G p )(Y). Then applying (8-4) to the other 
two terms in (|3-6|) gives the other columns in the commutative diagram below: 







j*Op 



- J*O p (Y) 



M 

1 

M(Y) 



(i*M)(Y) 





Let Mi denote the image of M(Y) in j*O p . 
chain of submodules 



v(R x tM) 



R x tM 



(i? 1 TM)(F) 



Repeating this argument produces a 



M = M C Mi C Mi C • • • C j*O p 

such that M„ = M(nY") and M n /M n -i = (i*M)(nY). By the Snake Lemma, 
(i*M)(Y) = r(i?VM); since i?VM is non-zero, i'i^rM) ^ 0, whence i*M ^ 0. 
Hence the chain of submodules is strictly increasing, thus showing that j*0 p is not 
noetherian. 

When j*O p is noetherian there can be no such M, so j*O p is simple. Now we 
show that it is a tiny simple. First, Homjf {j*O p , j*O p ) = Homx\y(C P , O p ) = k. 
Let N be a noetherian X-module. Then j*N is a noetherian X\F-module, so 
Homx(JV, j*O p ) = Homx\y (j*N, O p ) is a finite dimensional fc-vector space. Thus 
j*O p is a tiny simple, so there is a closed fc-rational point p'el such that j*0 p = 
O p ,. □ 



Remark. Even in the commutative case the hypothesis in Proposition 8.8 does 
not always hold: for example, let X = Spec R where R is a discrete valuation ring. 
However, if X is a scheme of finite type over a field k, then every closed fc-rational 
point in the complement of an effective divisor is a closed fc-rational point of X . In 
the non-commutative case this sort of finiteness hypothesis does not ensure that a 
/c-rational closed point of X\Y is a closed point of X. 

For example, consider the graded line defined by ModL 1 = GrMod/c[a;] where 
dega; = 1. Then x cuts out an effective divisor Y defined by Mody = GrModfc[a:]/(a;), 



and L 1 \Y" is isomorphic to Spec A: (ModL 1 \F = Tailsfc[a;] = 



However, if 
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j : L 1 \y — > L 1 denotes the inclusion, then j*Ou,\v — k[x, x 1 ]. Since L^Y is the 
generic point of L 1 (sec ^0|), it is no surprise that it is not a closed point of L 1 . 

Corollary 8.9. Let X be a locally noetherian space. Suppose that j : X\Y — > X 
is the inclusion of the complement to an effective divisor. If j<,O p is a noetherian 
X -module for every closed point p £ X\Y , then the set of closed points on X is the 
disjoint union of the sets of closed points on Y and on X\Y. 

Proof. It is clear that a closed point on Y is a closed point on X, so the result 



follows from Proposition and Corollary 8.7. □ 



Another way of stating the conclusion of this is that f„ and j* set up a bijection 
between the closed points of X that do not lie on Y, and the closed points of X\Y. 

Effective divisors on a space typically arise from regular elements in a (homoge- 
neous) coordinate ring. For example, if z is a regular element in a ring R such that 
zR = Rz, then Modi?/(z) is an effective divisor on Modi?. 

Proposition 8.10. Let A be a graded ring with a central regular element z 6 Ad- 
Set X = TailsA, H = TailsA/(z). and let i : H — > X be the inclusion. Then H is 
an effective divisor on X and M(H) = M(d) for all M G ModX. Furthermore, 
if A is connected and generated in degree one, then X\H is the ajfine space with 
coordinate ring yl[z _1 ]o. 

Proof. We use the notation and terminology in J2j| . 

Define the bimodule oh by Ttomx((>H , —) = £**'• Thus — ® Oh — i*i* ■ As 
usual ox denotes the identity functor on ModX considered as a bimodule. Define 
ox{—H) as the kernel of the map of bimodules ox —> oh that corresponds to the 
counit imi — » idx- Thus 1-Lomx(ox(—H), —) is defined by the requirement that if 
/ is an injective X-module, then Homx(ox{—H), I) is the cokernel in the exact 
sequence 

— > Homx(oH, I) — > Homx(ox , I) — > T~Lomx{ox{—H), I) — > 0. 

This sequence can also be written as 

-> ijl -»■ / -> Hom x {ox{-H),I) -> 0. (8-7) 

Let 7T : GrModA — > MoAX be the quotient functor. There is an injective Q in 
GrMod^4 such that I — ttQ. It is easy to see that there is an exact sequence 

-> K -> Q -U Q(d) -> 

where 7(g) = qz. Since ttK = i^rl, applying 7r to this gives ( ^-7| ). There- 
fore Homx(ox{—H), I) = 1(d). This shows that Homx(ox(—H),—) is an in- 
vertible functor, and hence that H is an effective divisor on X. The bimod- 
ule ox(H) is defined by the requirement that Homx(ox(H), —) is an inverse to 
Homx(ox(—H), — ), so it follows that I ® o x (H) = 1(d). Now taking an injective 
resolution of an arbitrary X-module, we see that M(H) = M(d) for all M e ModX. 

By definition ModX\ii = ModX/Mod^X = GrModA/T where T is the localiz- 
ing subcategory consisting of the A-modules which are z-torsion. Thus GrModA/T = 
GrModA[z -1 ]. When A is connected and generated by Ax, A{z~ x ] is strongly graded, 
meaning that I belongs to the product of the degree n and degree —n components 
for all n; this implies that GrModA[z _1 ] is equivalent to Mod^4[z _1 ] via the functor 
that takes the degree zero component of a module. □ 
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An affine scheme can be embedded in a projective scheme in such a way that it is 
the open complement of an ample divisor. It is well-known that a non-commutative 
affine space can be embedded in a non-commutative projective space in a similar 
way. We show next that closed points behave well with respect to this embedding. 

First we recall the embedding just alluded to. Let R be an algebra over a field 
k. Fix a set of generators for R and write R n for the /c-linear span of all products 
of < n of those generators. Let t denote an indeterminate commuting with R, and 
set 

R:=R ® R ± t © R 2 t 2 © • • ■ C R[t]. 

Define 

U = Modi? and X = TailsE. 

We write 

7T : GrMod.R -> ModX and uj : ModX -> GrMod^ 

for the quotient functor and its right adjoint. 

The closed subspace of X where t S i?i vanishes is denoted by H and is called 



the hyperplane at infinity. Proposition 3 . 1 C shows that H is an effective divisor 



because Modi? = Modi?/ (t). We also have Modii = Tailsgri?, where gri? is the 
associated graded ring with respect to the filtration R n . Because i?[t _1 ] = R, 
there is a natural map 

3 ■ U -> X 

sending U isomorphically to X\H. 

Proposition 8.11. Suppose that R is a finitely generated right noetherian k-algebra. 
The functors j» and j* set up a bijection between 

1. the finite dimensional simple R-modules V such that End/j V = k and 

2. the closed k-rational points of X that do not lie on H. 



Proof. This will follow from Corollary 3.9 once we show that j*V is a noetherian 



X-module for every finite dimensional simple right i?-module V. By definition, 
j*V = ttV, where V is the graded i?-module 

V © Vt © Vt 2 © . . . 

with degree n component V n — Vt n and action 

{vt n ).{rt l ) := {vr)t n+l 

for v £ V and r G Ri . Since every component of V has the same finite dimension, 
7rV is noetherian. □ 

Lemma 8.12. Let i : Y — > X be the inclusion of effective divisor in a space 
X. Let j : X\Y — > X be the inclusion of the weakly open complement. Then 
Ext^(j*iV,M) = for all N G ModX\F and M e ModF. 

Proof. If we apply i* to an exact sequence 

O^MAif-* j*N -> (8-8) 

we obtain an exact sequence 

(Li**)(j.J\0 -» i*M i*K -» i*j*N 0. 



The last term of this is zero by Proposition 8.5, and the first is zero because vj„ = 



Hence there is a map (3 : i*K — > i*M such that (3 o i*(a) = idj\j. However, 
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i*(ot) = 7 o a where 7 : M — > z*M is the canonical epimorphism, so /37a = id-M, 
which shows that the original exact sequence splits. Hence the result. □ 

The next result is an analogue of the result that an ample divisor on a scheme 
meets every subscheme of positive dimension. 

Let A be a locally noetherian space and modA its category of noetherian mod- 
ules. We denote the Krull dimension, in the sense of Gabriel §, of M G modX by 
KdimM. We say that a noetherian A-module M is d-critical if KdimM = d but 
KdimM/iV < d for all ^ N C M. A noetherian module of Krull dimension d has 
a d-critical quotient. We define the dimension of a weakly closed subspace W of X 
to be 

dimW^ := maxjKdimM | M e modVF}. 

Definition 8.13. Let X be a locally noetherian space endowed with a structure map 
7T : X -> Specfc. Set Ox = vr*fc and Hi(X,-) = Ext x (O x ,-). An effective 
divisor Y on A is ample if for every M € modA 

• there are integers rij < and an epimorphism @Ox(thY) — ► M, and 

• #<?(A, M(nY)) = if g ^ and n > 0. 

Proposition 8.14. Let X be a locally noetherian space over Spec A:, and let Y 
be an ample effective divisor on X. Suppose that dinifc Ext^- (M, N) < 00 for all 
AI,N £ modA. If W is a weakly closed subspace of X and dirnVF > 0, then 
WHY ^cj>. 

Proof. We will assume that W n Y — (j> and get a contradiction. Let d = dim W 



and let M be a c?-critical noetherian VF-module. By (8-4), there is an exact se- 
quence -> i'-M(-Y) -» M(-Y) M i*M -> 0. Since If n F = <), 
rM = z*M = 0, whence M = MiY). Hence dim fe H°(X, M (nY)) is a finite num- 
ber independent of n. By 0], ModA is equivalent to Tailsi? where B is the graded 
algebra (B^L H°(X,Ox(nY)). Under this equivalence, M = irV, where V is the 
graded i?-module ®%L H°(X, M(nY)). But dimV^ is finite and independent of n 
so irV has finite length. This contradicts our hypothesis that Kdim M = d > 1. □ 



The next result generalizes the surprising result in 13, Lemma 6.4]. In that 
result, Y is an effective divisor and X\Y is an affine space having a coordinate 
ring that is an infinite dimensional C-algebra; such an algebra cannot have a finite 
dimensional simple module, so X\Y has no closed points. 

Proposition 8.15. Let k be an algebraically closed field and X a locally noetherian 
Ext-finite space over k. Let i : Y — » A be the inclusion of an effective divisor. 
Suppose that X\Y has no closed k-rational points. If T is a noetherian X-module 
such that i*T — 0, then T = 0. 

Proof. Suppose that J- =/= 0. Since T is noetherian it has a simple quotient. By 
Corollary |5.6| , that simple is of the form O p for a closed fc-rational point p G A. By 



the hypothesis and Corollary 8.7, p E Y; this implies that i*T 7^ 0. □ 
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